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Abstract

An experimental and analytical study program was carried out to
investigate the behaviour of reinforced concrete beams subjected
to cyclic loadings which incorporated a softening region.

The

study focused on vibrational characteristics of which softening is
the post-elastic behaviour of the critical region in reinforced
concrete members which takes place simultaneously at advanced
curvature and decreasing moment capacity.

Cyclic loadings

resulting from earthquake motions include repeated or reversed
loads; however, this investigation was restricted to repeated
loadings.

The analytical behaviour of dynamic elements was conceived with
the use of slope-deflection method (Kolousek, 1938); and the
advantages of the frequency functions made possible to evaluate
natural frequency, deflection due to a dynamic load, dynamic
shear force and normal force. In addition to analytical phase, the
response of the specimen was analysed using high-quality
computer software program, ALGOR. The program is based on
Finite Element method in which a continuum structure is modelled
by an assemblage of discrete elements connected by a set of
points called nodes.

vi

In experimental program, dynamic tests on reinforced concrete
beams were conducted using small scale model. A small scale
model approach facilitates in view of economy both in fabrication
and testing, particularly in the dynamic structural systems.
Materials used for small scale model was micro-concrete which
consists of sand and cement. The specimens were constructed
with the varying amounts of top and bottom reinforcement and ties
around main bars.

The specimens were instrumented applying

modal testing which is an efficient tool for dynamic structural
testing.

The modal testing method was aided to observe and

record the softening effect on dynamic responses.

In addition,

photoelasticity study were employed to observe strain patterns
subjected to dynamic working loads, and the measurements were
proven to be useful for the study of surface stresses of the beam
critical region.

The aim of the research was the correlation of measured data
from structural dynamic testing with results computed by analytical
methods. The general beam behaviour calculated from analysis
agreed well with experimental results.

The effects of softening

characteristics on the responses were emphasised.
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A ...................... sectional area
As .................. .. area of tension steel
A~

.................... area of compression steel

C ..................... compressive force
Cc .................... concrete compressive force
C , c , C , C .... integration constants
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E ...................... modulus of elasticity
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c max
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S . ..................... steel force
1
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n .. .................... number of loading run
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n = E IE ....... . modular ratio

s

c

xi
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P( ..................... percentage of lateral reinforcing steel
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CHAPTER 1

Introduction

1.1 Reasons for the study

The provisions of SAA Earthquakes Code (AS 2121-1979) has
recommended structural designs are to be set to a safe and reliable
structure so that it can efficiently provide resistance against severe
earthquakes without danger of collapse and loss of life.

The

criterion for energy absorption and the dissipation capability of
structural components can be met if concrete sections at certain

1
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critical regions in the member soften; that is, the declining of moment
capacity at increasing curvatures. As a consequence, the ultimate
failure of the structure may take place after some sections of a
structure respond to the softening behaviour.

It is necessary to determine the relationship between moment and
curvature, if a redistribution of moments and forces are allowed to
occur.

This could take place when the critical sections have

sufficient ductility as the service load is approached.

It is evident

that the redistribution of actions is different from that given by linear
elastic structural analysis. This non linear aspect of behaviour at
ultimate load depends on the moment-curvature relationships of the
members, which is mainly deformation characteristics for beam and
column sections.

Concrete is characteristically a strain-softening material which
maintains only a certain amount of integrity under compressive
stresses close to its ultimate strength, while structural steel, a strainhardening material, has its integrity when subjected to high loads
and strains. Thus, the acceptance of limit state for steel structures is
understandable since reinforcing steel possesses considerable
reserves of ductility at the stage when just one of its sections has
reached

its

moment

capacity.

These

reserved

ductility

characteristics satisfy the stress redistribution required in limit
design, and should therefore account the descending branches of
sectional M - <p diagrams in any method of analysis being used.
Strain-softening is the term used to describe the stress decreases
with increasing strain, observed in the stress-strain relationship of

Chapter 1
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This phenomenon also exists in many other materials

such as rocks, some soils, sea ice, filled elastomer, wood, particle
boards, paper, some tissues and fibre-reinforced composites, fibrereinforced concretes, asphalt concretes, polymer concretes, various
refractory concretes and ceramics, and also some metals (Bazant et
al, 1984).

From

the

time

reinforced

concrete

became

popular

in

the

construction field , the philosophy of elastic theory has generally
been applied to the structures.

It has been mainly accepted,

because the material stress - strain (cr -

&)

response was the

common method for the design of other materials and for most
engineering applications and modelling.

In early stages of

investigation in the field of reinforced concrete, several studies
based on research and laboratory tests as well as practical
experience resulted in actual inelastic properties of the concrete and
steel being considered as a design method.

Thus the preferred

alternative method has notably changed the potential economy and
satisfaction with a variety of design requirements including both
strength and serviceability.

The strength criteria is usually concerned with ensuring that the
structure has sufficient stiffness not to fail and satisfies the acting
loads. In a reinforced concrete structure, serviceability is achieved
when deformations at the service load are within acceptable limits.
Vibration becomes considerably important as the

successive

deflection and crack widths must not take place at the service load.
Vibration in the structures produces pronounced repetitive loadings

Chapter 1
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in all directions. Repeated loads lead to the increasing of small load
cracks until the catastrophic failure occurs.

1.2 Moment-curvature (M- <p) curves

To predict the structural behaviour analysis for flexure in reinforced
concrete requires formulation of sectional response in the form of
moment-curvature (M - rp) relationships.

Linear elastic structural analysis is predictable by knowledge of the
real distribution of moments and the possible redistribution of
moments and forces at, and near, the ultimate load, provided that
critical reinforced concrete cross-sections have sufficient ductility. A
further important aspect of the members is inelastic structural
analysis which becomes highly important and complex when the
members experience cyclic-type loadings.

Consideration of the elastic and inelastic characteristics depends on
the deformation behaviour of the structures. A knowledge of the fullrange between moment and curvature for beam and column sections
thus becomes essential at, and beyond, ultimate load.

Figure 1. 1

shows a typical graph of moment-curvature failing in tension steel of
at the ultimate moment.

The curvature diagram consists of three distinct portions, the first of
which represents an initial linear segment and the second, a curve at
reducing slope to maximum moment showing the behaviour from

Chapter 1
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Moment M

First crushing
of concrete

Ultimate moment
First yielding of
tension steel
Neutral axis

~
length

First cracking
of concrete

Curvature <l>

Figure 1.1 Typical moment-curvature diagram for reinforced concrete beams
(after Park & Paulay, 1974)

cracking to spalling and crushing of concrete.

The third branch

represents the post-yield plateau, followed by a softening portion.
As a result of yielding the tension steel and non-homogeneous
nature of concrete, the curve varies substantially from point to point
within the critical regions. For reinforced concrete members, critical
region is where failure commences to take place, when one or more
hinge enter the descending portion of the moment-curvature (M-cp)
curve.

Hence, it reveals that the response of reinforced concrete

members to softening characteristics is highly tied to the momentcurvature relationships.

The meaning of softening, the descending portion of the momentcurvature diagram must be thoroughly understood.

An important

implication of softening in reinforced concrete was first pointed out
by R.H. Wood (1968).

Chapter 1
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Figure 1.2 Fix-end reinforced concrete beam with softening
characteristics (after Wood, 1968)

Figure 1. 2 displays a fixed-end beam, its bending moment diagram,

and moment-curvature (M- <p) diagram for the beam section. It is
assumed that the hinge is to form at the supports.

Softening

commences after the bending moment reaches point a.

Suppose

that the beam is subjected to further deformation, the moment at the
element ds of the beam nearest the support will decrease from point

a to point a'. However, the curvature will increase, and points b,c,d
will undergo a reduction of moment to provide a new bending
moment diagram, shown as b',c',d'.

Chapter 1
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1.3 Objectives of the study

The principal intentions of the present experimental and analytical
investigation reported herein were:

a)

to experimentally investigate the performance and modes of

failure of reinforced concrete beams under repeated loadings,
b) to examine the response of reinforced concrete beams due to the
effects of repeated loadings with I without axial load, particularly in
critical sections of the beam; that is, in the softening ranges,
c) To determine, evaluate, and compare the obtained experimental
data with the analytical results with the guidance of the available
hysteresis models, and,
d)

to ascertain the performance of reinforced concrete beams

subjected to cyclic loadings using small scale models.

1.4 Scope of the study

To achieve the above objectives, seven specimens, each simulating
a reinforced concrete beam, were designed, fabricated, and tested.
All specimens had an identical section geometry and length. The
reinforcement amount used was intentionally different in each
specimen to examine the response of reinforced concrete beams
under cyclic loadings.

Modal analysis method was emphasised

during the test program to employ the effect of natural frequencies.
Dynamic characteristics and moment-curvature relationships were
analytically obtained.
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1.5 Study approach

The experimental program involved reinforced concrete beams being
taken into the critical range to focus attention on softening hinges by
using the modal analysis method.

Both the percentage of

longitudinal reinforcing steel, p , and the percentage of lateral
1

reinforcing steel,
specimens.

p; , were the main variables in the construction of

The main variable in the loading system was the

maximum intensity of repeated loading, P
. Responses were
c max
measured during the repeated loading sequence up to 1500 cycles
of repeated loading; however, if the member had not failed during
this period, the test was continued for a short time.

Displacement

was increased more rapidly until the beam reached apparent
collapse.

All specimens failed before cycles of 2000 repeated

loading.

The study comprises a logically ordered thesis which identifies the
significant process of seeking issues in the program preparation
which are then interpreted in the context of the study objectives. The
investigation is organised as follows:

Chapter 1 concentrates on the purpose of the study, its objectives,
scope, and methods.

Also, it reviews the essence and context

involved in the experimental and analytical procedures of this study.

Chapter 2 describes a search of the available literature on the
behaviour of reinforced concrete subjected to cyclic loadings. Stress-
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relationships,

moment-curvature

characteristics

including

softening behaviour, and bond-slip mechanisms are emphasised.

Chapter 3 presents the details and procedures of different testings
and pertinent works carried out on the specimens.

It describes

materials, loading conditions, instrumentation, and small scale
modelling about concrete.

In Chapter 4, dynamic behaviour of reinforced concrete members are
formulated by employing modal testing to compute modes of
vibrations and experimentally obtain dynamics properties. Interests,
however, into the dynamic response of structures have also been
considered with the photoelasticity testing.

Chapter 5 contains the behaviour of the structures with softening as
well as discussing: softening models, instability of structures,
moment-curvature relationships, and flexural stiffness and strength.

Chapter 6 presents the analytical procedure for the behaviour of
reinforced concrete members particularly concentrating on the test
specimens.

A discussion of results is presented in Chapter 7 and these results
are compared to those of past studies. This Chapter also provides
concluding remarks and gives guidance for future studies.

Four appendices are also included in this thesis.
contains

the

program

listing

for

four

Appendix A

computer

programs

Chapter 1

FRQALL.FOR,

10

Introduction

FRQROOT.FOR,

FRQSHAPE.FOR,

and

CYCLIC.FOR. The first three computer programs were used to find
the dynamic characteristics of the test specimen.

The details and

computation results are presented in Chapter 5. The last program
was used to determine the moments associated with their relevant
range of curvatures. Various tables are presented in Appendix B
including Frequency Functions, forces due to unit deformations,
amplitudes of end forces, and tabulated values for mean stress
factor, a, and centroid factor, y.

Appendix C comprises resultant

plots for both modal analysis testing and destruction testing
reproduced by IP software program.
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2.1 Historical review

The idea of structural reinforcement dates back to early human
civilisation.

Ancient people have used metal clamps in the

construction of stone structures for tying together masonry blocks.
The use of concrete began just before 1800 when John Smeaton

11
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(Warner et al, 1989) discovered Portland cement.

As the use of

concrete increased and became more popular and people became
confident about its use. By the middle of the nineteenth century, the
notion of using reinforcement in concrete was being considered.
Joseph Monier pioneered the use of iron netting in the construction
of basins in 1867 in Paris (Kirby, 1956). Due to an extensive growth
in using reinforced concrete, a major need for theoretical studies
was

required

relationships.

to

link

practical

experience

to

mathematical

The studies of reinforced concrete members were

based on elastic and ultimate strength theory.

2.1.1 Elastic theory

One of the early satisfactory analysis of reinforced concrete
members was presented by Coignet and Tedesco (1894), and
became generally accepted about 1900. His method of analysis was
presumed with the straight-line distribution of stress in reinforced
concrete beams subjected to bending. He assumed that there was
no tension in concrete, and the neutral axis was at the mid depth of
the section. His investigations were followed by other researchers,
and the knowledge of the behaviour of structural reinforced concrete
has vastly increased. This has resulted in the development of many
more flexural theories on reinforced concrete structures. Several of
these theories prior to 1951 were pointed out by Hognestad (1951 ).
Figure

2.1

illustrates flexure

theories

development

of early
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Figure 2.1 Development of ultimate strength flexure theories (after

Hognestad, 1951)
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researchers summarised by Hognestad (1951 ).

The figure also

indicates the inelastic stress distributions in concrete section at
failure. Elastic theory (working stress) method has been the basis
for analysis of reinforced concrete, for it ensured that the stresses in
steel and concrete at the service loads did not exceed the carefully
chosen values for the allowable working stresses. In addition, it had
an adequate margin of safety against collapse (Park and Paulay,
1974).

2.1.2 Ultimate strength theory

Ultimate strength theory is a satisfactory alternative analysis to
working stress method for reinforced

concrete

members was

reported at the early investigations. The parabolic stress distribution
theory of Ritter (1899) was published in 1899. He considered the
inelastic behaviour of concrete in the compression zone for stressstrain relationships.

The elastic theory having been generally accepted, meant only a few
investigators followed Ritter's work on the non-linear behaviour of
reinforced concrete members.

The strength and serviceability

consideration in the ultimate strength theory (limit state) was
originally introduced in the USSR in the period 1935 to 1950, and
was developed further in the Western European countries in the
1950's. The method (Warner et al., 1989). However, after more
than half a century of practice and investigation, knowledge on the
deficiencies

of

elastic theory

became

apparent;

therefore,
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employment of the ultimate strength theory as a basis of ana lyses
1

has been preferred. For example, the American Concrete Institute
(ACI, 1956) adopted the ultimate strength method in addition to
working stress design in building codes. In 1957, Hognestad (1957)
reviewed contemporary studies concerning the flexural behaviour of
inelastic stress distribution in reinforced concrete members.

2.2 Review of previous works

The literature review indicates numerous research is available on
the

behaviour

of reinforced

concrete

structural

components

regarding different types of loadings including monotonic, reversal,
and repeated or cyclic loadings.

A sufficient selected of these

investigations on the various cyclic behaviour of reinforced concrete
members in non-linear ranges will be reviewed below. In addition,
the basic understanding of reinforced concrete members can only be
achieved, if the mechanical behaviour of concrete and reinforcing
steel is well realised. Thus, a representative review of some of the
available literature will be also given.

2.3 Behaviour of reinforcing steel

2.3.1 Stress-strain characteristics

The stress-strain characteristics of the materials are known as the
best indication for predicting the response of structures subjected to
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exerted loadings.

An investigation conducted by Kent and Park

(1973) utilised the concept stress-strain relationships to present
post-elastic reversals under cyclic loading, such as in structures
subjected to severe earthquakes or wind loading. The test results
showed that all strains are initially elastic under repeated loading.
Upon release of the load, the stress-strain behaviour of steel
approached the original curve, until reverse yielding took place due
to the Bauschinger effect.

The steel did not exhibit a linear type

relationship after an initial yielding in tension during stress reversals.
The Bauschinger effect is very important in cyclic plasticity studies.
Steel is first deformed by tension into the inelastic range, and then
the load is removed (see Figure 2.2).

Stress, as

- - - - - - + - - - - - 1 - - - - - - Stroi n, E

3

Elostoplostic
Response

Figure 2.2 Hysteretic behaviour of reinforcing steel (Bauschinger effect)
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However, if the specimen is reloaded in the opposite sense
(compression), the softening of the steel resistance (yielding)
reaches less than the value of initial yield stress of the material in
tension.

This will result in residual stress in the material.

This

phenomenon is called Bauschinger effect.

Kent and Park's (1973) study also demonstrated that the RambergOsgood (1943) relationship is highly satisfactory with regard to the
loading portions of the experimental curves except at very large
strains. Ramberg-Osgood function describes the loading (curved)
parts of the stress-strain curves. The authors selected the following
form of the Ramberg-Osgood expression to idealise the shape of the
softened branches of the stress-strain curve.

(2. 1)

where fch and

E ch

are the characteristic stress and strain

respectively, and r is the Ramberg-Osgood parameter.

The authors then presented the following mathematical expression
for the Bauschinger effect for reinforcing steel under cyclic loading
using Eq. (1 . 1).
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0.071
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(2.2)

For odd-numbered loading runs (n = 1, 3, 5, ... )

r=

4.49 - 6.03 +0.297
fn(I + n) en - 1

(2.3)

For even-numbered loading runs (n = 2, 4, 6, ... )

r=

where e.

lp

2.20 _ 0.469 + 3. 04
fn(l + n) en - 1

(2.4)

is the plastic strain in steel produced in previous

loading run and n is the loading run number.

The authors concluded that for the eleven specimens tested their
proposed equation was more reliable and accurate than equaUons in
the past; for example, an equation derived by Singh, Gerstle, and
Tulin (1964).

Hognestad (1951) proposed the following equations for concrete
loaded in flexural compression, based on the tests performed on 120
eccentrically loaded columns (Figure 2. 3).
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Figure 2.3 Stress-strain diagram proposed 'by Hognestad (1951)
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This stress-strain relationships are still widely used.

(2.5)
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Figure 2.4 shows stress-strain diagram for concrete as assumed by
Soliman an Yu (1967). They used three points to define this stressstrain curve and proposed a general formula based on eccentric
compression tests. The main variables considered by authors were
area of stirrups, stirrups spacing, and section geometry.

er

f cc

- -·-·- - - - - - · e r . - - - - - - , . .

0.8 f cc

PARABOLA

Ecs

Figure 2.4 Soliman and Yu model for stress-strain diagram (1967)

2.3.2 Cyclic moment-curvature properties

The assessment of accuracy in simple theories of plasticity
approaches are sufficient under monotonic loading, whereas they
are inadequate for cyclic load conditions. An experimental study
performed by Loi, and Grundy (1980) observed the main properties
of the cyclic behaviour of steel.

The important objective of the

research was to formulate a simple moment-curvature models for
use in deflection analyses.

Thus, an experimental program was

designed by authors to find out if the material behaviour was
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predictable enough for this formulation . The report of test results
showed the behaviour of cyclic moment-curvature were predicted
especially with regards to the original curve, the size and shape of
hysteresis loops, and the influence of cycling on the yield plateau
lengths.

2.4 Behaviour of concrete

The

behaviour of plain

concrete

under cyclic

loading

was

investigated experimentally by Sinha et al (1964). They conducted
tests on thirty-six cylinders of different nominal strengths in which all
specimens were cured 28 days at 100 percent humidity and dried at
room temperature. Figure 2.5. shows point P in the stress-strain
plane which can be approached by traversing the two different paths
OABCP or OFQRSP, or by an infinite number of other load paths.

Each of these paths is called a "history of loading."

the loading

histories, in general, produce envelope curve. "Envelop curve" is
referred to the curve connecting the points at which spontaneous
loading occurs under increasing strain. Figure 2. 6 shows that load
histories may be used to obtain information about unloading,
reloading, and the properties of envelope curves of the material
under test. Envelope curve observed in test results was reasonably
similar to the stress-strain curve obtained by monotonic loading.
Using this concept, an expression for the envelope was derived
considering the unloading and reloading of concrete specimen
Referring to Figure 2.6, it can be seen a typical record of a load
history obtained by authors for incremental deformations in the
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Figure 2.5 Typical load histories of stress-strain relations

(after Sinha et al, 1964)
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Figure 2.6 Experimental stress-strain curves (after Sinha et al, 1964)
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plane.

This

graph

illustrates

that

incremental

deflections take place whenever a certain critical stress value is
exceeding during a cycle.

Tests were conducted by Karsan and Jirsa (1969) on 46 short
rectangular columns. The intention was to develop expressions for
the

behaviour of plain concrete subjected to repetitions of

compressive stress to various levels.

These expressions can be

used to predict failure under load histories other than those actually
exerted on specimens. The specimens were tested in four different
series. Each group were identified by a distinguishing feature of the
load histories. Load histories were controlled by monitoring one of
two variables. The variables were incremental strain during a given
cycle and stress level reached during a given cycle. Plot of stressstrain for all specimens were obtained in order to establish a more
rigorous definition of characteristics for plain concrete.

The

behaviour of envelope curves and common points were investigated
by the authors using plots and test results. Common points may be
defined as a stability limit at which the strains stabilise, and a closed
hysteresis loop is formed in subsequent cycles (Sinha et al, 1964).
Karsan and Jirsa also concluded that a common point limit and a
stability limit could be established, although there was a variation in
the location of the common points.

Examination of the location of

the common points showed that failure would be produced under
repeated loads with stresses exceeding about 0.63/, the maximum
c
of the stability limit.
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For the specimens tested, the envelope coincided with the stressstrain curve for a specimen under monotonic loading to failure. The
stress-strain path reached the envelope regardless of the strain
accumulated prior to a particular cycle. The observed location of the
common points showed that failure would have occurred under
repeated loads with stresses exceeding the maximum of the stability
limit. This limit was also independent of the minimum stress levels in
the cycles.

The location of the common points was dependent

primarily on the amount of the maximum stress and strain of the
previous load cycle.

Investigations on the strain-softening range for concrete obtained
good agreement with available experimental data (Bazant and Kim,
1979). However, a fundamental question was raised whether strainsoftening is a material property.

Based on the modelling of the

behaviour of concrete, Chen and Yamaguchi (1985) reported prefailure and post-failure behaviour of concrete. Of the most important
results, the authors concluded strain-softening is a structural
property; therefore, it can not be considered as a stage of material
behaviour.

2.5 Behaviour of reinforced concrete structures

In reinforced concrete structures under by cyclic loadings, the
members will enter the post-elastic range. An accurate analysis of
inelastic reinforced concrete components are complicated by a
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number of factors and may be investigated experimenta'lly and
theoretically considering different characteristics of the member.

An investigation conducted by Aoyama (1964) emphasised the
importance of the loading history to determine the load-deformation
character,istics of reinforced concrete members subjected to constant
axial load and reversal of bending. The study has been taken both
the theoretical and experimental approaches. Indeed, the momentcurvature relationships of reinforced concrete members mainly
express the load-deformation behaviour of structural members at
yield and at ultimate moment. A method of analysis was developed
to analyse and predict the behaviour of reinforced concrete
members under reversal of bending.

Three reinforced concrete specimens were made to perform the
tests. Test results were used to study and check the validity and
limitation of theoretical analysis.

The results of experimental

investigations were used as a guidance to modify the method of
analysis. Reinforcement ratio and concrete strength did not cause
major effects on the shape of moment-curvature diagram.

On the

other hand, the amount of axial load and the plastic deformation
under previous loading made drastic changes; that is, an increase or
decrease in the amount of axial load resulted to change the shape of
moment-curvature shapes.

A different approach was undertaken by Brown and Jirsa (1971) to
investigate the hysteretic behaviour of reinforced concrete cantilever
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beams.

The object of their study was to indicate the strength,

ductility, and mode of failure of re'inforced concrete beams under a
small number of reversals of overload.

Their report on twelve

specimens indicated that after the first quarter cycle of 'loading, the
behaviour of components were non-linear due to a combination of
the following effect:

a} Bauschinger effect in the reinforcement;
b} shear deformations;
c) closure of residual cracks; and,
d}

slippage

behaviour

of

the

anchored

longitudinal

reinforcement.

The authors developed a method for computing the behaviour of the
beams during the early stages of loading to predict the response of
beams influenced by the subsequent cycling and load histories.
Their results also indicated that the specimens were mainly effected
by shear under loading and unloading.

The rate of shear force

which is influenced by changes in load history or forces acting on a
beam caused to the improvement of the energy absorbing capacity
as well as the number of cycles of failure.

The response of reinforced concrete frames was investigated by
Sabnis and White (1969).

Small scale model technique was

selected as a tool to save expenditure in time and resources to study
the behaviour of reinforced concrete structures under repeated
loads.

Consistent, repeatable results, and adequately comparable
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results between model and prototype were obtained. This confirmed
that small scale model can be successfully applied to investigate the
detailed behaviour of reinforced concrete structures.

Twenty

reinforced concrete portal frames were constructed and tested under
two types of cyclic loadings.

A companion control frame was

fabricated for each type of testing along with the frame to be
subjected to repeated loading. The ultimate load level for the frame
was determined by testing the pair of identical frame subjected to
monotically increasing load. The second frame was then tested to
collapse under predetermined cyclic load of increasingly severe
magnitude.

They were repeated gravity loads and repeated

reversing sidesway loads. For repeated gravity loading, a vertical
gravity load was used at mid-span of the frame.

Reversing sway

load was produced by using a lateral load at beam level in addition
to a fixed gravity loading. The influence of these two types of loads
was studied on three separate important features of the structure;
ultimate strength, stiffness, and cracks or damages to the concrete.
Through these three main aspects, test results demonstrated the
following conclusions with regards to the designated types of
loadings.

a) Ultimate strength

1) Repeated gravity loading - There was no significant effect
on the load carrying capacity of the type of frames tested in
the research.
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2) Reversed loading - The most severe case was 1O cycles at
each of 85, 90, and 95 percent of the ultimate capacity of
the control frame.
b) Frame stiffness

1) Repeated gravity loading - Stiffness was observed to remain
almost constant due to each level of repeated loading.
2) Reversed loading - Stiffness was slightly reduced after the
first

few cycles, but it had no effect on the ultimate

capacity.

c) Frame cracking

1)

Repeated gravity loading - Minor cracking has been
reported subjected to a single concentrated gravity load,
and more cracking took place around the loading point as
the load increased.

2)

Reversed loading - In the first load cycle, cracks were
produced in the corners, and loss of bond strength was
apparent.
appeared

In
on

subsequent cycles,
the

opposite

face,

additional
and

led

cracks

to

more

progressive local bond failure.

2.5.1 Bond-slip behaviour

Another important aspect considered by investigators is the
performance of bond in reinforced concrete structures.

Bond is
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usually referred to the stress transfer between concrete and its
reinforcement. Should the deterioration of stress transfer occurs, it
may be in part related to the stiffness of reinforced concrete member
(Bresler and Bertero, 1966).

Experimental investigations showed

that the stiffness of the reinforced concrete structure decreased
when they were subjected to repeated working load and cyclic
changes.

Thus, it is important to focus attention on the bond

performance in the reinforced concrete elements.

Experiments

carried out by Bresler and Bertero (1968) showed that the stiffness
of reinforced concrete members decreases due to repeated loads.
As the stiffness diminishes, the stress transfer between concrete and
steel deteriorates.

The loss of bond observed by the authors

indicated that it developed more cracks, which would possibly
reduce the useful life of the structure.

The consequences of the

deterioration of bond also showed that special anchorage might be
required when the member is subjected to cyclic loading. Because
the repeated application of the high stress level appeared to reduce
bond effectiveness at lower stress levels to a negligible amount.

The mechanism of bond-slip was also investigated by Ingraffea, et al
(1984) to predict analytically the bond-slip behaviour between a
reinforcing bar and the surrounding concrete.

Possible bond-slip

mechanisms are elastic deformations, crushing of concrete in front of
each steel rib, longitudinally splitting cracking, and secondary radial
cracking. Their paper concentrated on micro-mechanical behaviour,
the secondary radial cracking.

The other mechanisms were

neglected in this study, and were assumed to be minor regarding the
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total bond-slip. Micro-mechanical behaviour was found not to follow
the overall bond-slip behaviour. The micro-mechanical mechanism
of bond-slip was modelled using the principles of linear elastic
fracture mechanics. Attempts have been made to describe bond-slip
properties using finite element analysis (Bresler and Bertero, 1968).
The models were assumed that only the material properties of the
concrete changed.

The authors proposed a model that the

secondary cracking was also taken into account. In some cases, the
secondary cracking is the dominant mechanism contributing to bondslip. Therefore, a new method for finite element modelling of nonlinear fracture was introduced. A "tensioning-softening element" was
taken towards the study of the bond-slip behaviour.

For this

purpose, the bond-slip behaviour of a steel bar orthogonally crossing
a primary crack was determined analytically using basic material
properties.

Then, the bond-slip behaviour was lumped into an

interface element along the reinforcing bar between the sides of a
primary crack, where the crack crossed the reinforcing bar.

This

interface element was called a "tensioning-softening" element.

Test results showed that secondary and primary cracking are
interrelated. In particular, secondary cracks occurred generally in the
regions where a steel bar intersects a primary crack.

Also, a

reinforced concrete diaphragm which was similar to the diaphragm
studied previously by Bazant and Cedolin (1980) was analysed. The
diaphragm demonstrated the analysts' choice of coordinates axes,
element sizes and geometries of finite element mesh, and position of
cracks. The authors found that the parallel crack approach used in
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the previous study was not the main objective for the bond-slip
behaviour.

This was because the predicted crack length was

dependent upon the mesh refinement.
Research conducted experimentally by Hwang and Scribner ( 1984)
to determine various conditions in displacement history sequence.
These displacement history variations effect the behaviour and
energy dissipation of flexural members. Eleven doubly-reinforced
concrete cantilever beam specimens were tested during the
investigation.

All specimens were designed with a rectangular

cross-section and an enlarged end block on one end. Test results
indicated that all specimens were able to develop their calculated
flexural yield strengths during the first quarter-cycle of load and to
undergo cyclic inelastic deformations with no sudden decrease in
load carrying capacity.

The cracking and spalling was primarily

confined to beam hinging zone which resulted in reduction of
strength and stiffness.

The hinging zone in each specimen was

assumed as a distance from the face of the enlarged end block
equal to overall beam depth, facing towards the free end of the
beam. Based on the observations, the authors decided to take 75%
of initial measured yield strength as the useful life of a specimen.
Another generalisation also made by authors was that the amount of
maximum beam-tip displacements would effect significant changes
in member behaviour. This was particularly true about specimens
subjected to high nominal shear stresses.

An index for damage

assessment as well as a measure of the performance of test
specimens was obtained by using energy dissipation capacity.
Energy dissipation capacity is known as the ability of a member to
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dissipate energy by post-elastic deflections, which has been
absorbed by severe dynamic loads or excessive deflections from
earthquake loadings. These results indicated that the total energy
dissipation capacity of reinforced concrete members under cyclic
inelastic flexure depended mainly on the maximum inflection-point
displacement the members experienced, but was found that it was
less dependent on the level of nominal applied shear stress.

2.5.2 Softening behaviour of members

Decreasing in moment capacity of a reinforced concrete member at
increasing curvature is referred to as softening.

In the last few

decades the response of structures to softening has been studied.
An investigation was performed by Ghosh ( 1977) to analyse the
behaviour of concrete allowing for strain-softening.

Experiments

were carried out on eight specimens which were identical except that
they were tested at slightly different ages. Moment-load and loaddeflection diagrams were obtained for each specimen. This implied
an agreement with past studies undertaken by others. Test results
demonstrated

that

moment-curvature

diagrams

are

a

good

representation for improving the prediction of the load-deformation
characteristics including softening behaviour.

They also showed

that the decreasing section of the moment-curvature diagram (see
Figure 1.1) is less important in strength analysis than in deformation
analysis.

Chapter 2

33

Literature smvey

Elastic-plastic-softening behaviour of reinforced concrete has been
investigated

by

Darvall

and

Mendis

(1984)

using

stiffness

coefficients for members. Based on stiffness coefficients, stiffness
matrices with softening portions have been developed. A computer
program PAWS (Plastic Analysis With Softening) has been modified
by authors employing the stiffness matrices. PAWS is a modification
of ULARC which was developed at the University of California at
Berkeley (Sudhakar, 1972). ULARC is a program for elasto-plastic
analysis which uses the same method, stiffness.

In PAWS, the

applicability of ULARC to reinforced concrete frames has been
extended to cover the softening portions of members.

The computer program PAWS can be used for both steel and
reinforced concrete frames of arbitrary shape subjected to static
point loads and support settlements.

The outputs of examples for

two frames in their paper demonstrated the application of PAWS.
The results showed that very small softening parameters might lead
to large reductions in static collapse loads in indeterminate beams
and frames.

The results were also shown that an increase in

rotation capacity before softening (ie., ductility) increased both the
number of hinges formed before collapse, and the collapse load.

Long-term deformations and

stress redistribution

in concrete

structures may be predicted by considering creep, shrinkage, and
cracking.

An investigation was conducted by Bazant and Chern

(1985) to study tensile strain-softening with or without simultaneous
creep, shrinkage, and an efficient time-step numerical integration
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algorithm, called the exponential algorithm. The time-step functions
for the algorithm were obtained by an exact solution of a first-order
linear differential equation for stress. The coefficients of differential
equation were assumed to remain constant during the time step, but
might vary discontinuously between the steps. This algorithm, called
exponential because its formulas involved exponential functions.
The authors believed that the previous works ignored one or more of
the above mentioned factors; for example, creep of material between
cracks was neglected, or the ageing effect was not considered.

The object of their study was to present a mathematical model which
consists all functions including the strain due to strain-softening as
an additive to the strain due to creep, shrinkage, and elastic
deformation.

Micro-cracking that causes strain softening was

restricted to take place only in three orthogonal planes. The reason
was to enable the authors to formulate the mathematical relations
independently for both unloading and reloading, and each of three
orthogonal directions. Also, the time-step exponential algorithm was
obtained by an exact solution of differential stress-strain relations.
This algorithm is accurate even for large time steps.

In addition,

when the tensile stress increases to large values, the stress always
reduced to zero. The strain-softening behaviour takes place not only
in concrete but in rock and other similar materials. Micro-cracking
and void formation causes failure by progressive damage in such
materials.
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An investigation was conducted by Belytschko, et al (1986) to obtain
closed form and finite element solutions for materials with strainsoftening behaviour.

Finite element and analytic solutions were

closely related to each other in many cases, but the rate of
convergence of finite element solutions was more rapid than of linear
studies. A major problem in constitutive model with strain-softening
was that the energy dissipation was ignored.
made to tackle the problem

Attempt was also

with strain-softening in which the

localisation did not take place on the boundary.

CHAPTER3

Test Program

3.1 Introduction

In the investigation reported herein, a total of seven fixed-end
supported beams were tested under repeated lateral loadings and
constant axial loading.

The test program aimed to study the

softening behaviour of reinforced concrete sections in the hinge
regions. A small scale model was used to construct the test pieces.
The use of a prototype beam would have resulted in limiting the
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number of specimens; in addition, the expense and essential
equipment would have increased prohibitively from testing. These
problems were eliminated by the use of a small scale model. Using
this modelling technique, it was considered appropriate to test a
number of cylinders and a pilot specimen.

Two different types of

cylinders were used to obtain the ultimate strength of concrete for
the final program, and necessary tests were conducted on the pilot
specimen. Satisfactory results led to provisions being made for the
continuation of experimental study on the behaviour of reinforced
concrete beams.

In this chapter, the details of the experimental

program, test specimen fabrication, loading system, and testing
procedures are described.

3.2 Micro-concrete modelling

The experimental program and its details are presented in this
chapter; however, structural modelling techniques for reinforced
concrete members using a small-scale model approach are
considered appropriate to be discussed briefly.

Small scale

modelling has been used in the past by many investigators to
examine the behaviour of structures.
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3.2.1 The models with small-scale

A study was conducted by Sabnis ( 1967) to investigate the
behaviour of reinforced concrete beams and frames under cyclic
loadings including both repeated and reversed loading conditions.
The main purpose of this project was to investigate small-scale
model approach and to develop experimental techniques and
methods for such models.

Gypsum and cement mortars (nominal

strength 3500psi, 24.12N lmm 2 } and deformed steel reinforcement
of 0. 080in ( 2. 03mm) diameter with a yield strength of 44000 psi
(303.16N /mm 2 ) were used in the study.

The test results showed

that repeated load as high as 95% of the ultimate did not have much
effect on the load carry'ing capacity of the frame.

Few tests were carried out by Bertero and McClure (1964) to
investigate the problem of alternating plasticity for the case of
reinforced concrete frames subjected to repeated reversible loads.
Alternating plasticity or cyclic collapse is referred to the failure due
to repeated alternating plastic strains.

The test specimens were

designed as model frames using small scale method to represent a
single-story one bay, rectangular portal frame with fixed-based
columns.

Each frame had a height of 40 in. with a

2Ysx4

(73 .03xIOI.6mm) in. rectangular cross-section. The study was not

intended for the primary objective of investigating small scale
approach, but the authors recommended that further studies using
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more realistic loading condition, and full-size frames should be made
to carry out the similar testings. This leads to more accurate results
by comparing both studies on full-size and small scale specimens.
Two of the total five model frames were loaded proportionally to the
apparent collapse to determine the instantaneous collapse load.
Each of the other three model frames were then tested under a large
number of cycles of severe alternating overloading, and then loaded
to apparent collapse. Test results indicated that the frames were not
damaged due to repeated alternating overloading in regard to their
ultimate strengths.

This was due to the fact that a mechanical

anchorage which was provided to the reinforcing bars.

The main

reinforcement was welded to end bearing plates, and consequently
the full development of the ultimate strength could not be prevented
by the observed reduction in bond resistance. Also the observed
results showed that the bond strength around the critical section of
the frames and the stiffness of the frames were considerably
reduced by a large number of cycles of alternating overloads.

3.2.2 Basis approach

The development of reliable information using a linear reduction
approach in obtaining suitable techniques which exhibits all
prototype properties or interest on a reduced scale is very important.
The following parameters can be considered in achieving proper
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accuracy and feasibility when modelling any system using a small
scale:

a) Materials and their properties,
b) Geometry of structure, and
c) Similitude in test results between prototype and the model.

It is sometimes possible to reduce the scale of prototype dimensions
linearly to the model in simple cases.
construct

a true

small

scale

model

However, it is difficult to
when

dealing

with

a

heterogeneous materials such as concrete. It becomes even more
difficult to construct a small scale model when taking into account
with different quantities such as deformation, shear, moment, bond,
etc.

Enormous studies are to undertaken to find out the

characteristics of full-size and small scale specimens resemble truly
with each other.

In a micro-concrete mix, the aggregate may be scaled suitably
relative to full-scale concrete. The sizes of cement powder and sand
can not be altered.

This will often require a change in mix

proportions with an increase in water content to obtain suitable
workability.

Steel reinforcing can be supplied from the factory

according to the desired specifications, and frequent tests on
samples of reinforcing steel are strongly recommended to verify the
properties.

It also requires attention to other factors such as
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strength, casting, placing, compaction, and bonding in order to
achieve the similar test results between prototype and model. The
dead load for instance, may become significant in some cases, and
cannot be attained using scaling factors. As another example, the
effect of age-strength between model and prototype will become
very important, if the testing period extends over a long time.

3.3 Materials

Assessment of the effects of a small size model requires the
understanding of the material behaviour of the material.

Extreme

care was taken to keep the material properties of the designed
specimens close to those of a full-size beam.
properties,

ultimate

concrete

strength

and

The material
stress-strain

characteristics of the reinforcing steel were obtained under static
loadings.

3.3.1 Concrete

Micro-concrete mix was selected to cast the specimens; however, a
number of control cylinders were tested to determine the actual
concrete

characteristics

using

different

mix

proportions

and

materials. Reduction of size of aggregate particles used in a small
scale model is termed "micro-concrete".
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Thus, the following information provided in Bazant's (1987) article
were selected to carry out control cylinder testings as a basis for
different micro-concrete mix proportions.

water-cement ratio

0.5

cement-sand-gravel ratio

1:2:2 (all by weight)

slump

50-150 mm

admixtures

none

Type A Portland Cement was used for the concrete. Both aggregate
and sand were obtained locally.

The maximum gravel size was

d = 3mm, and the maximum sand grain size was d = l.2mm.
Geologically, the aggregate was crushed basalt.

Aggregate and

sand were air-dried prior to mixing. The water-cement ratio was
carefully selected in a limit so that moderate workability could be
achieved.

To determine the strength of concrete, companion cylinders of size

I50mmx300mm were cast from each batch of micro-concrete. The
cylinders were tested after 28 days according to the requirements of
AS 1012 (1983)- Australian Standard Methods of Sampling and
Testing Concrete, Part 9. The concrete strength results of each
specimens are summarised in Table 3.1.
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Table 3.1 Results of concrete strength for test specimens

Specimen Mark

Slump (mm)

Age (days)

Compressive
Strength (MPa)

SPO

60

28

40

SP1

80

30

38

SP2

100

29

36

SP3

55

32

38

SP4

90

31

40

SP5

100

30

37

SP6

75

35

38

3.3.2 Reinforcing steel
To simulate the behaviour of reinforced
specimens

were

provided

with

different

concrete
ratios

members,
of

lateral

reinforcement and transversal reinforcement. The longitudinal and
transversal reinforcement for all the specimens were fabricated from
plain bars, designated Grade 400Y in AS 1302 (1982).

The

longitudinal bars in both top and bottom were of the same diameter.
Corrugated bars were utilised as longitudinal reinforcement in the
critical region for specimen SP? (Specimens are designated as SP
in this study). A transverse bar spacing of 25mm was maintained in
all specimens to compare the performance of the beams for an
adequate confinement. Details of the sizes of the reinforcing bars
are given below in Table 3.2.
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Table 3.2 Reinforcement details of test specimens

Specime

Longitudinal

Transverse

ReinforcemenVCross

n Mark

Reinforcement

Reinforcement

-section Ratio (%)

SPO

4Y5.2

Y2.4

3.398

SP1

4Y4.6

Y2.15

2.659

SP2

4Y3.9

Y1 .6

1.911

SP3

4Y4.9

Y1 .6

3.017

SP4

4Y4.0

Y1 .6

2.011

SP5

4Y5.0

Y1.2

3.142

To obtain the behaviour of reinforcing steel, tensile tests were
performed on the samples of each specimen according to the
requirements of AS 1391 (1974)- Australian Standard Methods for
Tensile Testing of Metals. The data of the tests are given below in
Table 3.3.
Table 3.3 Tensile tests for reinforcing steel

Specimen

Tensile

Mark

Strength (Pa)

SP1

10500

SP2

7400

SP3

9900

SP4

7500

SP5

10200
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A representative stress-strain curve obtained from steel bars loaded
monotonically in tension is shown in Figure 3. 1. The curve exhibits
an initial linear elastic behaviour, a plastic plateau, and a strainhardening range. Beyond this range, the stress drops off up to
failure.

STRESS

STRAIN
Figure 3.1 Stress-strain cuNe for a reinforcing steel

3.4 Test specimens

The specimens had a rectangular cross-section with nominal
dimension ·of 50mm with overall length of 2150mm .

Extreme care

was taken for the proper alignment of forms, position of the
reinforcement and the end plates.

A diagrammatic sketch of a

specimen, detailing of a typical cross-section is shown in Figure 3.2.
The ends of the beams were enlarged to provide the end plates and
additional reinforcing steel was used to prevent splitting of the
concrete at the end of specimens.
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DIAGRAMMATIC SKETCH OF TEST-PIECE
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~

I NOT TO SCALE I

SIDE VIEW

Figure 3.2 Reinforced concrete test specimen

Moreover, the two enlarged end blocks supported the specimen at
both ends to simulate a rigid column stub. The middle of the beams
were also enlarged for two purposes: a) to provide hinge formations
to take place at desired locations, and b) to make provisions for
fitting the test specimen to the test rig. Sketches of ends and middle
plates are displayed in Figure 3. 3; and details of a typical test
specimen and reinforcement are given in Figure 3. 4.
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3.5 Test specimen fabrication

Specimens were cast horizontally in metal formwork (Figure 3.5)
after the reinforcing steel cage was assembled and placed in the
forms, and control cylinders were cast in metal moulds (Figure 3.6).
A high-frequency vibrator was used to ensure good concrete
compaction around the steel reinforcement.

The concrete was

allowed to set for one day until it stopped bleeding. The specimens
and cylinders were cured in the forms for three days with wet
hessian covered by a plastic cover to prevent rapid water loss from
exposed surfaces. After the forms were stripped and specimens
were removed, the exposed steel surfaces were painted with metal
primer to inhibit metal rusting, and the specimens were then
submerged in the water tanks for 4-5 weeks with approximately 25°C
surrounding temperature of the laboratory area. Following the water
curing,

the specimens were stored at the

same

laboratory

temperature conditions to be tested.

3.6 Loading System

Applied forces on the structures are rarely static loads, that is, they
do not refer exclusively to loads that do not change over time.
Therefore, when consideriing realistic loads on structures, it is
important to distinguish all load conditions which will take place and
may lead to complete collapse or local failure of the structure. Cyclic
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loadings, the most severe of such realistic loads may result from
earthquakes,

blast,

wind,

wave,

and

structures

supporting

machinery. This cyclic loading may be classified as two major types:
a gravity-type loading, known as a repeated loading (Figure
3. 7a)and a reversed loading situation (Figure 3. 7b). A parameter R

is commonly introduced in fatigue analysis of structures when
considering loads on structures. The parameter R is defined as the
ratio of minimum to maximum stress or load amplitude (Meyer,
1991 ).

Gravity-type load is the most common load history that

structures experience. For example, the dead weight of a highway
bridge forms a base load level and any temporary traffic or live load
establishes a more or less significant deviation therefrom. Gravity
loads result stresses (shear forces and bending moments) in the
beams, and no moment reversals will take place in the beams R > O.
Gravity loads also produce stress (mostly axial forces) in the
columns. It is more likely that complete moment reversals occur in
columns R = -1.

Common sense and experiences obtained from

post-earthquake investigations tell us that a structure subjected to
complete load reversal history (R = -1) suffers more damage than
one subjected to a low, or no, amplitude of load history, under equal
conditions.

The gravity-type load histories, as shown in Figure

3. 7(a) were used as the loading system in the study reported herein.
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Figure 3.6 Test specimen and formwork
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R = -1

f MAX

(a) Repeated load

(b) Load reversal

Figure 3. 7 Cyclic load classifications

CHAPTER 4

Dynamic behaviour of reinforced concrete
members

4.1 Introduction

Modal analysis is one of the most powerful practical method for
analysing,

understanding,

and modeUing

structural

dynamic

behaviour. The aim in studying modes of vibration and the natural
frequencies rests upon two main purposes:
phenomena, and b)

a)

modelling of dynamic structures.

resonance
The first

reason for studying modes is that most vibration problems are
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In the surrounding structures,

resonance takes place when the dynamic forces in a process excite
natural frequencies, or modes of vibration. The second reason for
studying modes is that it is an efficient tool for attaining a complete
dynamic description of a structure.

Analytical and experimental

techniques are available to obtain modal analyses; however, the
combination of theoretical and experimental studies are very
important throughout the investigation.

4.2 Modal analysis

With the advent of digital computers, numerical aspects of structural
dynamics have undergone profound change over the past few
decades.

The correlation of theoretical analysis with structural

dynamics testing has been recently made feasible with the extensive
use of the Fourier transform. A possible approach to the use of this
transform instrumentation is modal testing. Modal analysis is the
process of determining the deformation shape of the structure at the
critical frequency. In this study, modal analysis was primarily used
to evaluate the natural frequencies of the specimen by relating them
to their relevant mode shapes.

Also, the boundary conditions of

supports for one specimen were tested to evaluate the rigidity of
these supports.
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4.3 Details of test set-up

The instrumentation was used to monitor natural frequencies,
applied loads, acceleration, displacement, and mode shapes in the
specimen. A series of experiments were carried out for this purpose
in three major different test set-ups. The procedures are described
in the following sections: prel.iminary testings procedure, mode
shapes, and destructive testing. The instrumentation details and the
description of the measurement procedures for each section will be
treated and presented separately in the sections.

In the following

paragraphs, some of instrumentations used in the testings are also
described.

4.3.1 Strain gages

Strain gages [MM-Cat. No. 500 (EA-XX-20CBW-120)] were used to
measure dimensional change on the surface (strains) of the
specimen as the beam was subjected to lateral load. Strain gage is
a device which converts mechanical motion to an electric variation,
used as a sensitive measure of strain. Two different types of strain
gage were used in the trial specimen prior to the final destructive
testings. Figure 4. 1 a and b shows the location of the strain gages
for the trial specimen and all other test specimens. It was observed
that the strain gages used on the steel parts of trial specimen were
not giving ideal responses, and therefore needed to be removed.
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4.3.2 Load cells

Lateral load was measured by the load cell (lnstron Cat. NO. 2518
Series) which formed part of the actuator rod assembly, and

positioned at the end of the shaker. The load cell is a transducer
which translates changes in force to changes in voltage, and the
change in voltage can be directly calibrated. Axial force was also
measured by four load cells (PCB Piezotronic Cat. No. 201A05)
mounted on the top of the two end blocks of the specimens.

4.3.3 Accelerometer

An accelerometer was located on the steel part of the middle block
of the specimen to monitor the resultant dynamic (time-varying)
responses.

4.3.4 Dynamic strain gage amplifier

The Shinkoh dynamic strain amplifier - Type 056/MTY-A (see Figure

4. 2) was used to measure strain of the specimens by using the strain
gages. The strain amplifier is provided with six dials which may be
used for direct reading of strains.

However, the strain amplifier

functioned in conjunction with Instrument Program software in order
to record dynamic strains. Test rig as shown Figure 4.4 had to be
set up completely beforehand, to operate and balance the Shinkoh
dynamic strain amplifier. This means that each strain gage on the
specimen
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had also to be connected to input of the indicator via a Bridge-head
(see Figure 4.3). The cables from output of the strain indicator must
be connected to the desired channels of the analyser.

Figure 4.3 Strain gage and Bridge-head connection details

4.4 Preliminary testings procedure

A diagrammatic test set-up provided in Figure 4.4 illustrates the
arrangement of a typical test specimen and the instrumentation setup. To measure and analyse the dynamic response of beams, a four
channel spectrum analyser -Tektronix 2630 Fourier Analyser, was
used to obtain the Frequency Response Functions (FRF). An FRF
is referred to as the ratio of excitation time history input to response
time history output.

The FRF therefore represents the dynamic

properties of a system independent of the signal type.
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An electrodynamic shaker was used to create a measurable dynamic
force into the beams over the frequency range of interest.

A

sinusoidal waveform was used in the testing to simulate the form of
vibration. An accelerometer was mounted on the shaker to record
the force input signal (or input time history).

The load cell was

placed at different locations on the steel part of the middle concrete
block of specimens to register all necessary output time histories.
Charge Amplifiers were used to convert mechanical stimuli (force,
displacement, and acceleration) from accelerometer and load cells
to produce electrical signals functioning with the Fourier input. The
load applied to the specimens was measured by load cell which was
calibrated on a testing machine. Load cells were selected for the
loading range used in these tests. Strain gages were connected to
the

Fourier Analyser passing through

amplifier).

Shinkoh Type

(strain

The strain amplifier was used to reproduce signals

readable with the analyser.

The Shinkoh dynamic strain amplifier

must be balanced before the test was commenced.

Sample plots

taken from Instrument Program software are given in Figure 4.5 (a)
to 4.5 (g) which correspond to the results of the preliminary testing
for the specimens SPO to SP6, respectively.

4.4.1 Data recording

Figure

4. 6

illustrates the

complete

experimental

set-up

preliminary testings which led to the acquisition of data.

for
Four

available data channels were used for recording load, displacement,
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Figure 4.6 Complete preliminary testing set-up
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and strains to establish a continuous spectra of the response for
every load application. The records were obtained in digital form by
signal conversion for all beams and the data stored on diskettes via
a personal computer. The spectrum analyser allowed for interfacing
with /BM-compatible computer running MS-DOS to operate the
Instrument

Program

Software.

Having

done

all

intensive

computational work, all data acquisition, output control, processing
mode, display, and signal analyses were implemented. At this stage
the corresponding natural frequency was registered.

4.4.2 Boundary conditions

A fixed-end supported system was considered to be appropriate for
the purpose of testing all the specimens. This comes from the fact
that the fixed-end support configuration is implemented simply from
a dynamic in theoretical stand-point, in which the appropriate
coordinates are deleted. However, it is much more difficult to apply
the properties of this support in practical testings.

The fixity of

supports were increased gradually in the preliminary testings using a
wrench torque in order to result in more clean spectra. The support
details for the test beam appears in Figure 4. 7. Modal analysis of
the specimens was employed to determine the boundary condition
effects. To determine experimentally the effects of these boundary
conditions, a separate test rig was set up.
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Figure 4.7 Details of test beams at the support
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4.5 Mode shapes

To produce the corresponding mode shape of the test specimen, the
Tektronix 2630 Fourier Analyser was used in conjunction with the
STAR, a modal analysis computer software program.

For this

purpose, specimen SP2 was only tested.

4.5.1 Instrumentation

The test specimen SP2 was fixed to the floor, and a number of points
were marked out with known coordinates along the longitudinal and
centre-line of the beam. These spots were required to obtain the
readings via an impact hammer with a force transducer on the tip of
the hammer. A ferrous plate was then glued with strong epoxy on
one of the marked points on the concrete part of the beam.

This

plate provided a strong contact surface with the bottom magnetic
face of accelerometer. The accelerometer was then placed on the
mentioned plate and also connected to the Fourier Analyser via a
charge amplifier. At this stage the impact hammer was connected to
a charge amplifier and then to a channel of the Fourier Analyser.
The impact hammer was then used to produce a known excitation
force into the specimen at each of the separate marked locations. A
pictorial layout of the test set-up is given in Figura 4. 8.
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Figure 4.8 Arrangement details for modal analysis test set-up
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4.5.2 Test results

The input obtained using the force hammer was recorded in digital
form by the Instrument Program software via a personal computer.
The acquired data was also fed to STAR to experimentally obtain the
actual mode shapes for the related natural frequencies.

A plot of

mode shape for beam SP2 is shown in Figure 4.9. It is worthwhile
that the more points are marked out for obtaining data, the better
results and mode shape plot can be expected.

MODE NO.: 2
FREQUENCY: 79.65 hz

NOT 10 SCAll

Figure 4.9 Mode shape plot for test specimen SP2

4.6 Destructive testing

The final testing program was designed to monitor and record the
principal parameters: a) magnitude of applied lateral and axial loads,
b) history of prescribed lateral disp'lacements, and, c) strain
measurements. A brief description of the types and operation of the
instrumentation is given below.
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4.6.1 Structural framework

A steel structural framework (Figure 4. 10) was built to transfer the
constant axial load from hydraulic jack to the testing specimen. An
approximate 22 KN was applied to one end of the enlarged block of
specimen by means of hydraulic jack.

A steel plate was placed

between the hydraulic jack and the enlarged block to maintain four
load cells. The load cells were instrumented into the test system to
measure the resulting reactions and applied loads. It is worthwhile
to mention that all testing procedures described in Section 4.4 were
carried out using the specimen inside the structural framework.

4.6.2 Testing machine

The loading machine, lnstron 8500 (Figure 4. 11) consisted of two
basic parts: control console and load frame. The control console
comprising of front panel and tower provides facilities for control and
monitoring of the full closed loop control of the testing system. The
front panel enables the operator to interact with the console.

The

tower, which incorporates the heart of the loading system, contains
the control electronics.

The role of the load frame was to achieve a rigid, stable mounting
frame to which an actuator and load cells could be mounted, so that
accurate measurements could be made of the resulting loads,
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deflections, and strains. The Actuator (lnstron Cat. No. 3390 Series)
used herein to apply controlled forces and deflections, included a
sinusoidal waveform of the specimen constrained within the steel
structural framework.

G

-+-7"'-71-++-

TEST SPECIMEN
FRONT PANEL
CONTROL TOWER

Figure 4.11 Pictorial view of destructive testing set-up

Grips were used with the actuator to clamp the load cell to the load
frame.

The 2518-11 O Load cell, which transmitted signals to the

control console, enabled measuring of the applied load to the
specimen.
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In addition to the data acquisition from the front control panel, data
were obtained using a spectrum analyser (see Section 4.4.1) . The
following data were recorded from control panel: a) number of
cycles, b) shape (sinusoidal) c) Frequency, d) displacement and
related amplitude,

e) load and its related amplitude.

The

instrumentation set-up and testing procedure of the spectrum
analyser was similar to preliminary testings presented in Section 4.4.
Figure 4.12 (a) to 4.12 (g) displays sample plots of the results for the

destructive testings. Additional plots are also presented in Appendix
C. Along with the destructive testing, photoelasticity measurements
(Figure 4. 13) were obtained which are described in Section 4. 7.

4.7 Photoelasticity measurements

Photoelasticity, the study of material behaviour by means of
polarised light interference patterns, is widely used in construction
fields where stress analysis is employed.

Photoelasticity allows

testing of the actual structure under real, static or dynamic working
loads to observe and measure surface strains in determining the
stresses in a part or the entire structure during testing. The surface
strains are commonly the largest, and of the greatest importance.
Once the surface strains are detected using this technique, the
residual stresses can be obtained. These real stresses may then be
applied to achieve the optimum design.
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Figure 4.12 (f) Sample destructive test result for specimen SPS
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In this study, the photoelasticity technique was employed along with
final destructive testings (Section 4.4.2) to observe the redistribution
of strains in the plastic range of deformation. The equipment for the
photoelasticity

study consisted

of the

Model

031

reflection

polariscope (Measuring Group, Inc.) with its supporting tripod as
shown in Figure 4. 12.

With this technique, the selected surface sections of the test-piece
were covered first with a special strain-sensitive plastic coating prior
to the testing.

Two critical surfaces of the test specimens were

bonded with two different types of coatings, low and high modulus
materials, as shown in Figure 4. 1. To observe the strain pattern, the
reflection polariscope was placed so that the axis of the lens was
perpendicular to that surface section of the specimen to be
measured. Then, each coating was illuminated, one at a time, by
polarised light from the polariscope, while the testing loads were
exerted on the specimen.

As the working loads were gradually

increased, the coating showed the entire strain distribution over the
surface of a coated part, in a colourful and informative pattern, and
thus highlighted the overall stress distribution regions by the use of a
compensator (an optical transducer) where the stress magnitudes
were greatest. A video camera was positioned behind the fixed lens
plate of the compensator toward the specimen to record, at different
times, for the stability of records. Selected photographs taken of the
critical sections are presented in Figure 4. 14 and Appendix D.
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Figure 4.14 Critical section photo taken from photoelasticity measurements
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4.8 Finite element model

With the aid of computers, Finite Element Analysis (FEA) has
become accepted widely as a powerful method for the solution of
highly complex problems in structural and continuum mechanics. In
the finite element method, an actual continuum is replaced and
modelled by a finite number of discrete elements. The assemblage
of these elements idealising the geometry of a structure is specified
by selected points in space called the nodes (grid points).
Constitutive relationships within each element, replacing an infinite
number of degrees of freedom at grid points, and balance laws are
then applied to the comp'lete system to develop a matrix equation.

A computer software program, ALGOR FEA System, was employed
to gain further insight into the analysis of beam by finite element
analysis techniques.

The program permits consideration of non-

homogeneity, geometrical shape of the specimen and specified
boundary conditions along with space and time-dependent material
properties.

In order to employ ALGOR for evaluation and analysis of vibration
systems, the specimen must be generated as a model.

A

geometrical shape of the test-piece was drawn in three dimensional
using the drawing part of ALGOR software. The generated shape
was adopted as a model as shown in Figure 4. 15. The model was
then cut into slices to indicate node-based (nodal) elements.

The

boundary conditions were addressed to each node to invoke
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Decoder to decode the model for analysis and visualisation. Prior to
decoding, material properties were also defined.

The processor used in ALGOR for the finite element model was
linear mode shape analysis.

The method used for mode shape

analysis was the dynamic modal analysis technique.

Element

geometry and assigned material densities provided information
leading to the formation of stiffness and mass matrices. The mass
matrix so defined contained only translational mass coefficients
calculated from the elements common to each node.

Once the computation is performed, it is possible to view the mode
shapes and print the desired results.

The output of the program

includes natural frequency values of different modes as well as
mode shape plots. Table 4.1 illustrates natural frequency values for
the first five modes, and Figure 4. 16 illustrates mode shape plot at
first natural frequency.
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Table 4.1 Natural frequencies of the test specimens

mode

circular

frequency

period

number

frequency

(hertz)

(sec)

tolerance

(rad/sec)
1

2.5406E+02

4.0434E+01

2.4731E-02

1.6909E-15

2

2.7342E+02

4.3515E+01

2.2980E-02

3.8932E-16

3

8.2757E+02

1.3171 E+02

7.5923E-03

3.5696E-15

4

8.6504E+02

1.3767E+02

7.2635E-03

4.6673E-16

5

1.5275E+03

2.4312E+02

4.1133E-03

1.1043E-07
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Figure 4.15 Part of three dimensional model developed for usage in
ALGOR software program
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a) First mode shape at first natural frequency
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a) Second mode shape at first natural frequency

a) Third mode shape at first natural frequency
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a) Fourth mode shape at first natural frequency

a) Fifth mode shape at first natural frequency

Figure 4.16 Mode shape plots at first natural frequency for the test specimen

using ALGOR software program

CHAPTER 5

Dynamic analysis procedure

5.1 Introduction

The phHosophy behind the "analysis" phase is to find the
mathematical

model

which

behaviour of the member.

describes

the

most

resemblance

Although there are many methods of

analysis for structures, no single one is ideal for al'I problems. This
requires that the actual properties of the test-piece to be taken into
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consideration. The appropriate parameters for the actual properties
are: stiffness, mass distribution, and boundary conditions.

The method of analysis developed in the investigation is based upon
the dynamic deformation method (Kohoutek, 1985). In essence, this
method of analysis is very similar to the static deformation method
(slope-deflection or displacement method) but it is embellished by
the addition of inertia forces.

The slope-deflection method, introduced by G. A. Maney (1915)., is
useful for the analyst to easily sketch the deformed shape of a
structure for better visualisation of the behaviour of the structure;
and even more important, it provides an effective introduction for the
matrix formulation of structures (Section 5.2). The method takes into
account the flexural deformations which is comprising such as
rotations and settlements that are due to effects of bending moment
only, but the method neglects shear and axial deformations.

Five basic assumptions are made for dynamic deformation methods
to facilitate the formulation of the model which is presented below:

(i) The structure which is assumed to be of a homogeneous
and isotropic material following Hooke's law, behaves
linearly over the full range of the application of loadings;
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(ii) The structure is considered to be stable under static loads;

(iii) Deformations relative to the actual size of members are
very small;

(5.1)

v(x, t) = v(x )Sin rot

(5.2)

(iv) Plane sections before the application of the load remain
plane after a load has been applied; and,

(v) All displacements are only caused by flexural forces; axial
change in length of the member and the effects of shear
deformations will be initially excluded.

5.2 Static stiffness matrix of a beam

The stiffness and the flexibility methods are two major solution
strategies in structural analysis.

The complete analysis of a

structure will require the direct manipulation of the equations of
equilibrium, compatibility, and force displacement to obtain all
unknown forces and displacements.
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The salient feature of the stiffness matrix of a structure lies upon its
methodology which

is

consistent

with

programming on a digital computer.

the

requirements

for

Using the concepts of

equilibrium, compatibility, and the fundamental principles of force
displacement properties, the stiffness relations can be expressed in
the form,

{F} = {K}{e}

(5.3)

where F = member's force vector
K = member's displacement vector

e = stiffness of the element

The stiffness { K} has units of force per length and may be
interpreted as the force necessary to hold the element to a unit
displacement.

The inverse of { K} defines the flexibility of the

structural element which is the form,

or

{e} = {/}{F}

The quantity

f

(5.4)

has units of length per force and may be thought of

as the displacement that results from a unit load.
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5.3 Dynamic deformation method

The method developed in previous sections which explained
computing static deformations, will be extended herein to structures
under a vibrating system.

The scope of this discussion will be

limited, in addition to assumptions in Section 5. 1, to structures which
undergo harmonic motion. With the consideration of frequency in
this presentation, damping is neglected, which is irrelevant to the
natural frequency. Rotary inertia and damping are also not included.

5.4 Dynamic analysis of a fixed-end beam

The purpose of this section is to demonstrate the use of the dynamic
deformation method for the calculation of natural frequencies and
plotting of the relevant mode shapes. It will then be applied to the
reinforced concrete beam used in the study.

Flexural members under vibration are those in which the bending
moment generally varies from section to section along the span. In
other words, the beam cross-sections are dependent on the bending
stiffness of the beam during vibration. Therefore, the well-known
flexural relationships from elasticity theory can be written between
the following quantities,

2
M=-Ela v

ax2

(5.5)
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(5.6)

and
4
av dx=-Eia v dx

ax

(5.7)

ax4

where E is the elastic modulus of the beam mater,ial; I is the
moment inertia of the cross-section relative to the natural axis (or EI
being the flexural rigidity of the beam in the plane of vibrations); M
and V are the bending moment and shear force, respectively, at any
cross-section; and v is the displacement of any point on the axis of
the beam.

Let beam AB

of constant cross-section in Figure 5. 1a be

continuously distributed mass per unit length m and vibrating in the
absence of external forces under transverse bending deflections.
Curve AB represents the displacement of any point on the axis of
the

beam

selected

at · random

during

vibration.

Element

displacement v normal to the beam axis in Figure 5. 1b shows
bending moment and shear force, inertia force, including direction
notation.
v

-.. -··-··-··-.. -· ·r-·0-.+-··-·· -··-··-..
·····--~

-I dx f--

(a)

(b)

Figure 5.1 Force diagram for flexural vibration
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An element length dx chosen for examination of forces acting on the
beam are all functions of t and x under dynamic loads. Then the
ordinary derivatives in Eqs. (5.5), (5.6), and (5. 7) are required to be
replaced with partial derivatives as well as applying d'Alembert's
principle.

5.5 Frequency functions

Frequency functions are used to facilitate the evaluation of the
desired forces and moments by means of any arrangement of
deformation- translation including rotation.

Using d'Alembert's principle, the equilibrium of vertical forces are,

2
Ov
v
L,F. =-dx-m-dx=O
lX
Ox
812

a

(5.8)

by substitution of the fundamental equations of material strength,
Eqs. (5.5), (5.6) , and (5. 7) into Eq. (5.8) and divided throughout by

dx leads to,

4
2
av
av_o
E1 - + µ - ax4

a1 2

(5.9)
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Since the motion is harmonic, with circular frequency co,

v(x,t) = v(x)Sinrot

(5.10)

Substituting in Eq. (5.9) the homogeneous partial differential
equation will give the general expression,

4

av
2
EI--mro v=O
ax4

(5.11)

Eq. (5. 11) is the differential equation of motion which governs the

transverse vibration of the beam. The general solution of Eq. (5. 11)
with the particular constant coefficients is in the form,

v=/<X

(5.12)

therefore the complete solution of Eq. (5. 11) with the sum of four
particular solutions is,

kx
kx
kx
kx
v(x) -- C1e 1 + C2 e 2 + C3e 3 + C4 e 4

(5.13)

or, transformed in a different form,

Ax
Ax
-(A. I f )x
-(A. I f)(f - x)
v(x)=Acos-+Bsin-+Ce
+De
(5.14)

e

e
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where A, B, C, and D in the general solution are constant and are
determined from boundary conditions.

f is the length of the beam,

and

2)1I4

/...=f µco
EI

(

(5.15)

Slopes, bending moment, and shear can be easily computed by
successive differentiation.

The derivatives of the deflection which

satisfy boundary conditions will define the displacement v at any
time t at any position,

v' =av=/.., (-A sin J..x +Bcos Ax -Ce-(/.../ f)x +De-(/.../ f)(f-x)
Ox f
f
f

2

2

3

3

v"

= a v = !:__ (-A sin Ax + B cos Ax - Ce -('A. I f)x +De-(/... I f)( f ax2 £2
e
e

v"'

=a v =~(-A sin Ax +Bcos J..x -Ce-(/.../ f)x +De-(/.../ f)(f-x)
ax3 e3
e
e

x)

(5.16)

In elasticity theory, the bending moment and shear force relations
are defined using the derivatives of the deflection as follows,
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M=-Elv"
and

V = -Elv"'

The coefficients A, B, C, and D in Eq. (5. 15) are obtained as a
function of boundary conditions. For the sake of a basic and general
computation model, a beam of constant flexural rigidity (El) and
constant mass (m) is shown in Figure 5.2 clamped at both ends.
The right hand end of the beam is assumed to take a rotation of
harmonic motion with a rotational amplitude

er = 1.

Extending The

similar course of action for the left-end support, resultant boundary
conditions are:

and

er =I

~I

r

~

- - q;:=I

MIr sin rot

(

~1~=====---------_1__--~

)0rsincot
Mrl sin cot

Figure 5.2 Fixed-end beam model showing forces and rotation
(after Kohoutek, 1985)
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Substituting boundary conditions in Eqs. (5. 14) and (5. 16), the
constants A, B, C, and D can be obtained. The shear and moment
due to this unit rotation are given by Eq. (5. 16) as follows:

(5.17)

(5. 18)

M =-(EI!:._) sin A.- cos A.+ e - 2 A.(sin A.+ cos A.)
rf

f

(5.19)

cosA.-e -A.( 2-e-A. cos A.)

(5.20)

The frequency functions are the variable part of the bending moment
and shear forces, and are expressed in terms of functions
F (A.), etc., set out in Table A.1 in Appendix A.
2

fl (A.),

A summary of

mentioned frequency functions for clamped clamped

support

conditions are defined in Table A.2, Appendix A. All forces (moment,
shear) due to any combination of translation and rotation can be
found simply by using these frequency functions and the principle of
simple addition.
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5.6 Natural frequencies of test specimens

The following employs the reinforced concrete beam with a mass of
6.0 kg/m which has been used in the study.

The layout of study

case beam sketched in Figure 5.4(a) is a simplified model of the testpiece where it is assumed both end supports are fully fixed.
Dimensions and other relevant information for this example are also
given in Figure 5.4. The results for this example are true only when
L

1

= O. 97m

and L

2

= 1. 03m.

This allows comparison of the results

obtained from those of other methods, ie, modal analysis, STAR
computer

software

program,

and ALGOR computer

software

program.

~
IE

Mass

~

e

L1

L1

.. IE

.. 1

E = 3. 3xlo 10 Pa
I= 5. 21xl0- 7 m 4
Ll=0.98m

a) Test specimen model

L2=1.02m
Lump_ mass= 2. 675kg

f

Mbo
Vba

b

Mbc

D~
t tVbc

c~

Specimen_ mass = 6. Okg

(b) Equilibruim system
for bea m oc

Figure 5.3 Dynamic deformation example
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Figure 5.3(b) illustrates beam ac which is assumed to be divided into

two fixed-end support beams of two unequal span sections ab and

be. The system of equilibrium at point B is,

(5.21a)

(5.21b)

Using Table A.2, Appendix A, moments and shears due to rotations
and translations for left and right supports are,

Because of the fixed ends, the end deformations (rotations
translations v) are,

e

and
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a

a =8 c

=V

c =0

=V
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(5.23)

with reference to Eq. (5.22), the individual elements of stiffness
matrix are,

Substituting Eq. (5.22) into Eqs. (5.21a) and (5.21b) as well as
applying Eq. (5. 23) can be expressed them in a matrix format
incorporating of the middle mass,
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EI F. (A.)+ EI F. (A.)
f,
2
f,
2
1
2

EI F (A.)- EI F (A.)
f,2

1

4

f,2

2

4

I

6

0

b

(5.24)

=

EI
EI
EI F (A.)- EI F (A.) -mro 2 +-F
(A.)--F (A.)
f,2 4
f,2 4
f,3 6
f,3 6
1
1
2
1

vb

0

Hence, using equation 5. 18, dynamic stiffness can be defined by
substituting the known values and setting the determinant of the
coefficient matrix to zero.

Once the stiffness matrix has been

established, natural frequencies can be obtained by solving the roots
of the determinant.

A Fortran computer program, FRQALL, was written to evaluate the
stiffness (K) for various frequencies using a personal computer.
Structural data included in the program are: the specimen's
dimensions, modulus of elasticity, second moment of inertia, mass
per unit length, and cross-sectional area. Also, the data provided for
the program were initial, final, and incremental frequencies of our
interest. The program calls upon another sub-program, FREFUN,
which develops the frequency functions (Table A.1). These arrays
are also used in the next Fortran programs. The computer output
includes the specified range of frequencies and the corresponding
stiffness which allows for plots of dynamic stiffness versus
frequency. Figure 5. 4 shows a graph of the relationship between the
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A flow chart for program

FRQALL is given in Figure 5.5.

Another Fortran computer program, FRQROOT, was also written to
provide the precise value of natural frequencies, by convergence,
corresponding to zero asymptote of stiffness.

The program is

basically the same as FRQALL, however, it uses a function subprogram, ROOTFIND to facilitate the convergence of the natural
frequency between the specified range in relation to K = O.

The

procedure for this function sub-program is illustrated in Figure 5. 6 .

Preparation of data for this program is similar to that for FRQALL.
The data which are read by the program are the range of
frequencies and tolerance.

The output includes the natural

frequency at zero asymptote.

Results for the first five modes of

natural frequency are summarised in Table 5. 1 .

Table 5.1 Natural frequency values using FRQROOT program

Mode number

Natural frequency

1

38.0509615428325

2

131.227238303802

3

226.600804880113

4

424 .637337396944

5

573. 707379762533
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Dynamic stiffn ess
1.00E+1 6

-

-0.00E +16

j

'('

-

-1 .00E+16

I

I

101

I

I

20 1

I

I

301

I

I

40 1

I

I

50 1

I

I

I

60 1

Frequency (hz)

Figure 5.4 Plot of relationship between dynamic stiffness and frequency
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Start
Input
Member Information
Read Input
Natural Frequecy
Compute I
Compute
Stiffness Matrix

Load

-Frequency Functions

Subroutine

ompu e ~qen
Values and Elgen
Vectors
~

Compute

lnte ration Constants
Compute Deflection

x = x +~x
~---N----.o X =11

End

Figure 5.5 Flow chart diagram for FRQALL.FOR program
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Start

A= AX
B= BX

No

~-~F( C)

=-¥

t--------'

Figure 5.6 Convergence function sub-program flow chart
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5. 7 Mode shapes

To determine a shape of the deflection curve of the beam
any natural frequency, Figure 5.4(b) is used.

ac for

Mode shape

computation at first natural frequency for section ab is expressed
below. It will then be combined with mode shape for section be in
order to plot the deflection curve for the entire beam at first natural
frequency.

Mode shapes for other frequencies follow the same

argument as the first natural frequency.

Consider first beam (section ab)

The deflection of the beam at any distance x will be evaluated using
the following expression which is another form of Eq. (5.14),

V(x) =

c1 cosh(~)x+C2 sinh(~)x+C3 cos(~)x+C4 sin(~)x

(5.25)

where integration constants C1 , C2 , C3 , and C4 in Eq. (5.25) for
deflection under clamped-clamped beam are given in Table A.3,
Appendix

A.

Their

conditions

depend

on

the

boundary

characteristics.

At node B, the following condition is assumed,

(5.26)

Using Table A.3, Appendix A the integration constants for this
problem are,
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(5.27)

In the above expressions, all data can be evaluated and substituted
to obtain the integration constants with the exception of eb. This will
be obtained using the dynamic stiffness matrix following a similar
procedure described for the first part of the example.

Thus, a

stiffness matrix is assembled by compatibility equations indicating
moment equilibrium at node b .
Also, applying condition at node b,

El F. (/...)+El F. (/...)
f.
2
f.
2
1
2

El F (/...)-El F (/...)
g2 4
g2 4
1
2

0

eb

(5.28)

=

2 El
El
El
EI
(J...)--F (/...)
-2F4(A.)+2F4(A.) -mro +-F
g3 6
f.3 6
f.2
f.1
2
1

1

0
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eb.
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The result will

be substituted in equation 5.22 together with the other available data
to obtain the deflection of beam at specified relevant distance from
node a.

A Fortran computer program, MODSHAPE, was generated to
perform all computations for deflection incorporating the solution of
the roots of the determinant. The program requires the input of the
beam which is similar to Program FRQALL mentioned earlier in this
section. The output developed by the program consists of distances
and the relative deflections.

The mode shape plot at first natural

frequency (Figure 5. 7) obtained from the resu'ltant output illustrates
deflection vs frequency.
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Figure 5. 7 Mode shape plots at first natural frequency extracted from
MODSHAPE.FOR program
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CHAPTER6

Response of structures with softening

6.1 Introduction

Response of structures with softening has been investigated to apply
structural theories to determining the behaviour of reinforced
concrete structures at, and beyond, ultimate load. Much research
work has been done in previous studies on this particular parameter
to describe this effect on member behaviour. Some of researchers'
investigations which reveal the significance of the behaviour of
structures with softening are given first.
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In a study to investigate the behaviour of portal frames with pinned
and fixed supports, Cranston and Cracknell (1969) indicated there
was a substantial descending portion in the moment-curvature
(M - cp) curves, as the maximum load had not been achieved.

A non-linear analysis method was presented by Cohn and Ghosh
(1972) using the (M-cp) curve of the softening branch on four two
span continuous beams. A good agreement was demonstrated
between experimental and theoretical results, confirming those of
Srivastava (1969).

Analysing the structure, the member was

segmented into small elements. By using trial and error, the
boundary conditions were satisfied together with assuming that
plastic rotation occurred over a length equal to the gage length
based on the (M - cp) curve.

Critical softening parameters for continuous beams and portal
frames were derived by Darvall ( 1983, 1984) using compatibility
conditions and necessary assumptions to the moment-rotation curve.
He described the critical softening parameters as the ratio of the
descending portion of the moment-curvature diagram to the initial
flexural stiffness at which the structure had not sustained any crack.

Dynamic response analyses of the reinforced concrete structures
were studied by Sanjayan (1988) on fifteen beams. Softening was
observed in cyclic flexural tests on the specimens carrying axial

Chapters

120

Response of structures with softening

forces. The results also showed substantial softening in beams with
unequal reinforcement in the top and bottom. Sanjayan concluded
that the hysteresis loop of a reinforced concrete structure with
elastic-plastic-softening hinges was a curve constructed of many
linear steps, each corresponding to a phase of hinge behaviour.
The hysteretic behaviour of each hinge was reflected in the overall
response.

This

Chapter

describes

moment-curvature

curves,

softening

concept, moment-rotation relationships, hinge length, and various
softening models available in the literature with consideration of the
effects of hysteretic response, stiffness and strength, and structural
instability including axial load effects. Following softening concept,
a previous existing theoretical research will be reviewed and
experimental evidence will be given to check the theoretical
approach. Then the theoretical results are obtained and compared
with the experimental results.

In this thesis, the effect of natural

frequencies has been employed to observe the behaviour of
members subjected to cyclic loads.

6.2 Curvature determination

A small element of a length dx of a reinforced concrete member is
displayed in Figure 6. 1.
and axial forces.

The element carries equal end moments

Strains between cracks make the concrete carry
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some tension.

The radius of curvature R, neutral axis depth kd,

concrete strain in the extreme compression fibre Ge , and tension
steel strain, Gs will vary along the member due to this variable
tension. (Park & Paulay, 1974).

Considering Figure 6.1, the

following relations can be written:

R

Steel

·.
T

kd

__L

Neutral axis
Cra ck
1--E--1

s

Figure 6.1

Curvature at the element of a flexural
member (after Park and Paulay, 1974)

dx = ccdx = &sdx
R
kd
d(l-k)

therefore,

1

&

R

kd

-=_f_=

&

s
d(l-k)

(6 ..1)

(6.2)
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I
R, the rotation per unit length of member, is referred to as the

curvature at the element and is given the notation <p. This leads to
the following equations,
8

<p=_2._

(6.3)

kd

and
_

8

8

C_

S

_

8

C

<p-kd-d(I-k)-

+&S

d

(6.4)

It is obvious that the curvature depends on two parameters ec and
kd, as in Eq. (6. 3) Therefore, the neutral axis depth kd, is to be

adjusted for each value of the concrete strain at the extreme
compression fibre, ec. Both values must satisfy the force equilibrium
equations.

To determine the equilibrium equations, Figure 6.2

illustrates a reinforced concrete section with axial load and flexure,
and typical stress-strain curves for steel and concrete.

The strains for a steel bar i

at depth di [Figure 6.2(c)] can be

determined for a given concrete strain in the extreme compression
fibre ecm and neutral axis depth kd, using similar triangles of the
strain diagram,

kd-d.
&.=&

sz

cm

l

kd

(6.5)
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Figure 6.2

Moment-curvature

relationships,

(a)

Steel

in

tension

and

compression , (b) Concrete in compression , (c) section with strain,
stress, and force distribution (after Park and Paulay, 1974)

The steel forces S; can be found from the steel stresses and the
areas of steel corresponding to the re,ievant strains,

S . =f .A .
l

Sl

SI

(6.6)
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The concrete compressive force Cc and its position can be written for
any given concrete strain

&cm

in the extreme compression fibre,

Cc =af''bkd
c

(6.7)

where a is the mean stress factor and can be derived from the
stress-strain relationships (see Section 6. 7).

The concrete compressive force C is acting at distance ykd from
c
the extreme compression fibre. y is the centroid factor and is found
using stress-strain curve (see Section 6. 7).

Now, the force equilibrium equation can be expressed as

n

P = af"bkd + L: f .A .
i

C

=l

SI

(6.8)

SI

n
h
h
M = af"bkd(--ykd)+ L: f .A .(--d.)
C
2
i = l SI SI 2
I

(6.9)

Figure 6. 1 may be used to determine the curvature similar to Eq.
(6. 3) for the above case,

<p =

E

cm
kd

(6. 10)
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6.3 Trilinear moment-curvature (M-cp) approximation

Figure 6.3 shows a trilinear approximation given for the general

shape of the idealised moment-curvature model for reinforced
concrete.

This approximation consists basically of an idealised

elastic slope (rising arm), a horizontal yield plateau, and a softening
phase (falling arm). The idealised elastic phase (Figure 6.3) can be
applied to obtain the behaviour of a section up to the plastic
moment.

MOMENT (M)

2

3
4

0

CURVATURE (

<l>)

Figure 6.3 Idealised moment-curvature trilinear approximation for a
reinforced concrete section
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various stages indicated by numbers in Figure 6. 3, are given below:

o-1

initial elastic stage,

1

fictitious cracking moment (M ) ,

1-2

cracked slope,

O-2

idealised elastic stage,

2 -3

idealised plastic plateau,

3- 4

idealised softening stage.

r

Fictitious cracking moment (M ) was a term used by Monnier
r

(1970).

He noticed that cracking has already started before this

moment is reached.

So the influence of the crack formulation

became significant at the fictitious cracking moment.

Monnier

approximated this moment with the following formula :

(6. 11)

in which

M

r is in kgf.Cm,

ab =1.2(_!_ J;+lO)

kgf /Cm 2

(6. 12)

20

where

f,' is the cube strength of concrete in kgf I Cm 2 , and
w

Who = section modulus including the reinforcement in

cm 3
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6.3.1 Trilinear approximation analysis

The shape of moment-curvature for a reinforced concrete section
can be approximated by means of three straight lines. The relation
between moment and curvature can be determined using the
procedure outlined below. Figure 6. 4 demonstrates a general case
of a doubly rectangular after cracking at first yield of the tension
steel and at ultimate concrete strain.
0.85f ~
1--b ----l

T
d

l

•

A's

ld '

• T

T
kd

fc

Ee

- -· ~ _5_, __

<I>y ______ ,__ j_

f----j

91

f;
.- -- --·"'

<l>y

As

• • •

E = lL
s

SECTION

Es

STRAIN

fy

E5 > _h_

fy

Es

STRESS

STRAIN

STRESS

Figure 6.4 Flexural concrete section at first yield and ultimate
(after Park and Paulay, 1974)

it is assumed that the stress-strain curve for concrete is linear at the
initial stages up to

o. 7f'c (Park and Paulay, 1974). The reinforced

concrete section of the member is considered to be unconfined.

The moment and curvature of the reinforced concrete section for the
case where the compressive force in steel is at first yield can be
found using following equations,
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[

128

112

2

( 'd') ]

2

k = (p + p') n + 2 p +pd

n

-(p + p')n

(6.13)

My=Asfyid

(6.14)

fy/Es
cpy = d(l-k)

(6.15)

where A = area of tension steel,
s
A;= area of compression steel,
b = width of section,
d'

= distance from extreme compression fibre to centroid of
compression steel,

E = modulus of elasticity of concrete,
c

E = modulus of elasticity of steel,
s

fy

= yield strength of steel,

jd = distance from centroid of compressive forces in the

steel and concrete to the centroid of tension,
n=E IE ,

s

c

p=A lbd,and

s

p' =A' I bd
s

The equations given below are to express the ultimate moment and
curvature in which the compression steel is yielding,
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(6.16)

0.85f'b

c

M = 0.85f'ab(d- a)+A'E E
U
C
2
SSC
E'

=E (

cp

=

s

u

c-d'

c

E
_£

c

a
E

a-J3 1d'
a

(d-d')

)

J3

= __£_J_

a

(6.17)
(6.18)

(6.19)

Example The moment-curvature is calculated below for specimen

SP2. The following information is available for this specimen:

b = width of section = 50mm,

h = overall depth of cross-section = 50mm,

Diameter of tension steel = 2<l>5mm,
d' = distance from extreme compression fibre to centroid of

compression steel = 7. 5mm,
f' = cylinder strength of concrete = 20N I mm 2 ,
c

f..r

= modulus of rupture for concrete = 2. 85N I mm 2 ,

Ee = modulus of elasticity of concrete = 22, 1OON I mm 2 ,
E = modulus of elasticity of steel = 200, ODON I mm 2 ,
s
f, = yield strength of steel = 275N I mm 2 ,
y
A = area of tension steel = 19. 63mm 2 ,
s
A' = area of compression steel = 19. 63mm 2 ,

s

n = modular ratio= E IE = 9.05.

s

c
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The section before cracking is analysed below by means of

elastic theory and transformed section (see Figure 6. 5),

f--b ~

Tf •
hd

A' •

s

j_

J

Td '

~•As•
CROSS_SECTION

Figure 6.5

TRANSFORMED
CROSS_SECTION

STRESS
DISTRIBUTION

Details for approximation of momentcurvature by means of straight lines

A=bh+(n-l)(A +A')
s
s

(6.20)

A= 2816.04mm 2

-= (50x50x25)+(158.02x42 .5)+(158.02x7.5) = Smm
2

y

2816.04

I= moment of inertia for transformed section= 527159mm 4

Cracking will take place when the bottom fibre of section reaches the
given value of rupture; therefore,
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JI

r
= 60. 096N.mm
bottom

and

<p

crack

=

f

IE
r
c =5.158xl0-3rad/m
Ybottom

b) The following moment and curvature is derived for the case that
the section is at first yield of the tension steel, after cracking. It is
assumed that concrete behaves elastically.

p = O. 00924, and p' = o. 00924

From Eq. (6. 13),

k = 0.3068

hence,

kd = 0. 3068x42. 5 = 13. 04mm

and at this stage,

&

s

=

275
200, 000

= 0.00138
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Now, the concrete strain can be determined from the strain diagram,

8

c

= 0.00138

13 04
·
= 0.000611
42.5-13.04

Therefore, the concrete stress is given by,

fc = 0. 00061lx22100=13. 499N I mm 2

Therefore, from strain diagram,

e' = 6. llxlo-4 13 ·04 - 5 = 3. 7xlo- 4
s

13.04

·: f' = 3. 77xl0-4 x2xl0 5 = 75.4N /mm 2

s

1

·: C = - f bkd = 4400.67 N
c 2 c

C =A' .f.' = 1480.102N

s

s s

- = (5x1480.102)+(4400.67xl3.04/3) = .Slmm
4
y
(4400.67+1480.10)

·: Jd= 42.5-4.51=37.99

M =A f, Jd = 205. 08N.m
y
s y
<Py

=

O.OOl3S =4.684xlo- 5 rad/m
42. 5-13.04
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c) The section is analysed after cracking, at ultimate load, assuming
that the concrete reaches an extreme fibre compression strain of
0.004.

The actual stress in compression steel can be obtained using trial
and error approach. Try f.' =?ON I mm 2 ; therefore,
s

a= (275x19.63)-(70x19.63) = .

0.85x20x50

4 13

mm

4.73
c=--= 5.51mm
0.85

e'
s

= o. 004x 5· 57 - 5 = 4. 09xlo-4
5.57

fs'= 4.09xl0--4 x2xl0 5 = 81. 84N I mm 2

So, the trial value was selected satisfactorily; then,
·: M = 0.85/'ab(d- a)+A'f.'(d-d')
u
c
2
s s
M = 221.61N.m

u

cp

u

= 0.004 = 718.133xl0 -3 rad Im
5.51

The approximate trilinear moment-curvature curve is drawn for the
section and the diagram appears in Figure 6. 6.
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Figure 6.6 Trilinear moment-curvature curve for the examp,le

6.4 Softening concept

Collapse in reinforced concrete members may not take place until
one or more hinges have softened; that is, failure can occur when
any critical section or hinge enter the descending branch of the
moment-curvature (M-cp) curv,e, called softening range.

The concept of softening in reinforced concrete members can be
explained by the following explicit example. The simply supported
beam shown in Figure 6. 7b is ,loaded at mid-span and the beam is
subjected to end moments of the same sign but of different
magnitudes.

The moment-curvature diagram for the given beam
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Moment
Mr ··············-··

Curvature

(a) Moment-curvature diagram

~i:===========!=======~
f•

L1

, I,

L2

•t

(b) Simply supported beam

(c) Deformed member

M,
M

(d) Bending moment distribution

~i . ···

Inela stic curvature

(e) Curvature diagram

Figure 6.7 Softening example in a reinforced concrete beam
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section shown in Figure 6. la is used in deriving the softening for the
member, and the beam is assumed to be increasing in deformation.
The

bending

Mf

moment

in

the

diagram

represents

the

commencement of softening. The shaded area points out inelastic
deformation in which M. is the descent of the bending moment
I

subjected to further deformation [Figure 6. le)]. It is obvious that the
end-moment rotation will simultaneously change with the change in
the end-moments. Thus, having gained an increased rotation, the
curvature increases from <pf to <p; .

6.5 The models

Softening behaviour of reinforced concrete members has been
considered by many researchers. Much work has been undertaken
in the literature to model the effect of various softening parameters
in reinforced concrete structures.

In developing a proper model,

emphasis has to be placed on reaching a balance between simplicity
and accuracy. The following is a list of some of the more popular
models which include the softening behaviour. Attention is restricted
to the hysteretic response, stiffness degradation, and strength
deterioration.
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6.5.1 Hysteretic response

Models have been proposed by various authors to represent
hysteresis behaviour of reinforced concrete members.

The

hysteresis behaviour of a reinforced concrete section was modelled
first by Takeda et al (1970) to simulate the moment-curvature
relationship using a set of rules.

This model, which takes into

account the finite size of plastic regions for plasticity, can be
represented by the widely cited diagram of Roufaiel and Meyer
(1987). The diagram comprises the various branches of hysteretic
behaviour of moment and curvature as identified in Figure 6. 8:
where 1) is the elastic loading and reloading, used as long as the
moment does not exceed the yield moment of the section; 2) is the
inelastic loading, valid for the moment up to the yield capacity; 3) is
the inelastic loading, for descending moments after the yield
capacity is exceeded; 4) is the inelastic reloading during closing of
cracks; and 5) is the inelastic reloading after closing of cracks.

Mt -

Curvature,

F

Figure 6.8 Typical moment-curvature histories diagram (after Roufaiel et al, 1987)
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6.5.2 Stiffness and strength

Barnard (1964) observed that the collapse load was a less arbitrary
definition of the failure load than that at which a certain steel or
concrete strain was reached.

He proposed the use of a

"discontinuity length" to overcome the computational problems
arising from softening.
capacity

occurs

In the discontinuity length, loss of moment

with

the

curvature

which

causes

greater

concentration of rotation in the beam. Outside this finite length the
curvature decreases with moment.

Barnard pointed out that once

the curvature at any section of a structural member exceeded that
corresponding to the moment capacity of the section, sudden failure
would occur if the rate of energy release for the regions undergoing
elastic unloading, plus the rate of work done by the applied load,
exceeded the rate of increase of strain energy within the
discontinuity length.
A more complex model proposed by Atalay and Penzien (1975) was
based on twelve tests. The specimens were subjected to bending,
shear, and axial load. The investigators presented the hysteresis
model of load versus deflection by several curve functions selected
on the basis of best fit. Curve QR defined by an inverse function in

Figure 6. 9 represents the softening in this model.

They also

concluded that the degrading mechanisms of strength and member
stiffness with cyclic loading were enhanced due to the Bauschinger
effect in the critical region.
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Figure 6.9 Histories model of load versus deflection
(after Atalay and Penzien, 1987)

Applying an elastic-softening hinge model, Wood (1968) obtained
excellent results on the behaviour of a fixed-end beam. He used the
"explosive failure" phenomenon which was also described by
Barnard (1964), to show the effect of discontinuity length and
softening slope.

Wood ( 1968) pointed out that this phenomenon

occurred in the softening branch of the moment-rotation ( M -8)
curve of the member. As the moment decreased, curvature in the
hinge portion, softening slope was increased, a vertical line followed
the initial increasing elastic portion of the load-displacement curve,
and a descending line started when the maximum load was
achieved.
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A model presented by Chung et al (1989) showed strength starts to
deteriorate as soon as the yield load level is exceeded under cyclic
loadings, and this damage accelerates as the ultimate load is
reached. However, experiments conducted by Hwang (1982) proved
that strength deterioration can be experienced in reinforced concrete
members at considerably lower load levels than the yield level.
Also, strength deterioration can be observed beyond the yield level
subject to a large number of load cycles. This fact is introduced with
the following relationship, a strength drop index Sd as illustrated in
Figure 6. 1O:

s -Mf- ( <l>-<l>y
d=Mf - <I>

f

f

-<I>

)(0

(6.21)

y

where
Mf = Moment capacity reduction in a single load cycle up to

curvature <I> ,
Mf1 = Fictitious moment capacity reduction in a single load

up to failure curvature <1>1 ,
<l>Y =

Yield curvature, and

ro = A material parameter depending on material properties
and reinforcing detai'ls.
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Moment, M

DM

Mu

Li Mr

My

M1
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<I>y
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tiM
tiM r

<I>r
Curvature, <I>

Figure 6.10 Moment-curvature diagram showing strength drop index
(after Chung et al, 1989 )

For analysis purposes, the second branch of the primary momentcurvature curve is used to measure the strength drop. The shaded
area indicated in Figure 6. 1O is the actual strength reduction.

6.5.3 Structural stability

The capacity of a structure which can recover the former state from a
displacement caused by an applied force or disturbance is broadly
referred "Stability" (Iffland, 1978). A disturbance may be 'induced by
an extra load or a local yielding of a highly stressed section.

The condition of instability leads the structure to a failure mode.
Instability phenomenon herein is referred to as the decrease of the
load carrying capacity of a structure and also increase of the
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sidesway deformation, (Kirby, 1979).
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Significant factors which

influence the structural instability are axial force, rotation capacity,
and plastic hinge formation.

Some examples of instability have been mentioned in the Institution
of Structural Engineer's Report (1971) as follows:

a) Progressive collapse caused by local failure of one of
structural member.
b) Failure caused by the lack of a shear panel or bracing
at a critical section.
c) Frame instability due to geometrical, material, or loading
effects, such as axial load effect, non-linear momentcurvature relationships, or variable repeated loadings.

6.5.4 Axial load (P-A) effects

The effect of axial load for an ideal member such as that shown in
Figure 6. 11 can be neglected if sidesway displacement, and axial
load, P, are small for a structure.

For member AB, the equilibrium is,

MA +MB =SL
where S is the shear force in the member.

(6.22)
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L

~1

Figure 6.11 General deformation effects in a member (after Majid, 1972)

· Equation (6.22) becomes invalid and should be altered when either
or both sidesway displacement, and the axial load, P, are large in
the member.

For member AB, the equilibrium becomes,

(6.23)

This effect of axial load, P, on the equilibrium of structure arises as
a primary cause of non-linearity in structures. At C, a distance x
from end A of the member, the additional bending moment due to
axial load is P("Y; + Y2 ).

This additional bending moment results

from two different types of displacement. Moment Py; is caused by
the translation of joint B to B 1 , and PY2 results from the curvature in
the member due to end moment MA and MB.
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6.6 Analytically obtained moment-curvature curves

To assess the accuracy of the theoretical approach for the structural
analysis, the following criteria must be considered:

a) Equilibrium of forces,
b) Deformation compatibility, and
c)

Examination of a behavioural relationships such as
stress-strain relationships,

moment-curvature curves,

etc.

The first two criteria appears in the above list can be satisfied by the
use of traditional method.

However, the third item which is of

concern of this study is sought in detail in Chapter 2. This chapter
also covers some of the studies which are used in the analytical
procedures. The characteristical behaviour at a critical section may
be investigated in moment-curvature, moment-rotation, and hinge
length.

This

study concentrates

only on

relationships and moment-curvature curves.

the

stress-strain

The following is the

behavioural relationship for stress-strain properties for steel and
concrete, which is then used in the analysis of the test-piece. Then,
a review of the behavioural relationship is given for momentcurvature model.
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Assumed

stress-strain

diagram

145

for

steel

reinforcement

Figure 6. 12 shows a good idealisation of repeated loading for a steel
specimen loaded either in axial tension or in compression.

If the

load is released and reloaded before failure, the virgin curve is then
closely followed with a small hysteresis effect, as in Figure 6. 12,

STRESS

fy ------~

STRAIN

Figure 6. 12 Stress-strain curve for steel subjected to repeated
loading (after Park & Paulay, 1974)

6.8 Assumed stress-strain diagram for concrete

Various stress-strain relationships have been recommended by
researchers for concrete confined by rectangular stirrups.

For

example, Hognestad (1951) and Soliman and Yu (1967) have
proposed a stress-strain curve which are mentioned in Chapter 2 in
detail.

The relationship derived by 'Kent and Park ( 1972) was
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selected which is used in this thesis for the moment-curvature
analysis.

The suggested

curve consists of three different

distinguishing regions and characteristics (see Figure 6. 13). These
sections are as follow:

f

I

c

. ..

. .....................

B
Actual
response
Idealized
response

c

D

'-

Ee

0.002

E20 c

Figure 6.13 Stress-strain curve for concrete with cyclic loading
{after Park et al, 1972)

region AB : e

c

~

0.002

(6.24)
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ec = strain measured in a concrete specimen,

fc =

stress in concrete corresponding to the relevant
strain, and

f~

2
= concrete cylinder strength in psi(O. 00689N I mm )

This ascending region is given by a second-degree parabola as
shown in Figure 6. 13. The followings were assumed by authors for
this part:

a)

the confining steel does not effect on the shape of this
section of curve or strain at maximum stress.

b) //, the cylinder strength is the maximum stress reached by
the confined concrete.

region BC: 0.002

fc = f~ [I -

~

ec ~ e 20 c

z( ec - o.002)]

(6.25)

where

0.5

Z=-------

(6.26)

e50u + e50h - 0. 002
3+0.002f'
E

-

50h -

C

f' -1000
c

(6.27)
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Z = a parameter that defines the falling branch of the curve,

ps = ratio of volume of transverse reinforcement to volume of
concrete core measured to outside of stirrups, and

Sh =Spacing Of stirrups

Eqs. (6. 10) and (6.11) for this part consider additional ductility due to
rectangular stirrups and the effect concrete strength on the slope of
the falling branch of unconfined concrete.

region CD: e c ~ e 20 c

(6.28)

f = 0.2f'
c
c

This branch of the curve [ Eq. (6. 12)] accounts for the concrete to
experience some stresses at very large strains.

r

Kent and Park (1971) computed the different values of a and

(Section 6.2) using the parameter Z and strain
compression fibre.

&cm

in the extreme

Table B.1 shows the values of a and

r

for

different regions of the curve when e 0 ::;; ecm ::;; e 20 c and e 20 c ::;; e cm.

6.9 Analytical procedure with cyclic loading

The following is a review of the determination of theoretical momentcurvature relationships of members with cyclic loading used by Park,
Kent, and Sampson (1972).

The theory is based on an assumed
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linear strain profile of reinforced concrete section and idealised
stress-strain curves for concrete and steel. These relationships has
been discussed in Chapter 2 and the previous sections mentioned in
this chapter.

The method is best carried out by using digital

computer, since an iterative technique is used to calculate points on
moment-curvature curves corresponding to a range of strains in the
extreme fibre of the member.
configuration for a T-section.

Figure

6.14

illustrates the

The forces acting on the member

section are calculated by the stresses and the areas of the concrete
and steel in each element. The stresses are found from stress-strain
curves and are taken as the stress corresponding to the average
strain in the element. The average strain in element i is

n

- . - · -0- · - . -

·- ·e·- .

h d

ll

Element i
. - . - . - . - . - . - . - . - . - . - . - . . -0-0. -0- 0 . - - . - . - . - . - . - . - . - . - . - . - . - . - . - . - .

Element n

SECTION

STRAINS

Figure 6.14 T-section discrete elements

&. =E

1

n( kd I h) - i + O. 5
cm
n(kd I h)

(6.29)
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= Strain in the top fibre,

kd = Neutral axis depth,

h = Overall depth of section, and
i =Element number from top of section;

n =Total number from top of section.

Therefore, the determined magnitude and position of the internal
forces must be checked for the equilibrium such that,

(6.30)

where

C = Compressive force,
T = Tensile force, and

P = Compressive load acting on the section which is

zero in the case of a beam.

A computer program CYCLIC.FOR was written based on the above
mentioned models for stress-strain curves of concrete and steel and
the moment-curvature relationships with cyclic loadings.
chart is given in Figure 6.15.

The flow

The program CYCLIC.FOR was

developed to satisfy the following conditions:
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Start

Input
Member Information

Define Number of
Horizontal Discrete Element

Determine CACC for Confined
and Unconfined Element

DNA = DNA

+ 0.1

Compute Average
Strain for Each
Horizontal Discrete Element
Compute St re ss for Each
Horizontal Discrete Element
Check for Spoiling
Calculate
TOTCF and TOnF

EQUIL = TOTCF

+ rnm

No
Yes

Yes

~---<>QUIL < ER >--------<

EQUIL=O
Yes

Ca lculate Moment
Calculate Curvature
Print Results

End

Figure 6.15 Flow chart diagram for CYCLIC.FOR program
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a) It is assumed that plane sections before bending remain plane
after bending to obtain the moments associated with a range of
curvatures.

b)

The tensile strength of concrete is not considered.

Also, the

buckling of the compression reinforcement is neglected.

c) The concrete cover at strains greater than

o.004

is considered to

be ineffective. At large strains, the concrete cover is assumed to
have spalled away and will not have any effect on the strength
(Atalay and Penzien, 1975).
d) The cross-section of the test specimen is assumed to be divided
into 500 horizontal elements, each having the width of the
section at that level.

e)

The average strains of tension and compression steel and
concrete in each element are then computed using the strain
diagram and Eq. (6.8).

The stresses corresponding to the

average strain in the element is obtained.

The forces and

moments on the section is then determined using the stresses
and the areas of the concrete and steel in each element.

f)

The neutral axis is increased, if the equilibrium of horizontal
forces is not satisfied.

This is achieved by using an iterative

approach until the required convergence is achieved.
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Moment (M) and curvature ( rp) are then calculated for the
particular value of e

cm

.

CHAPTER 7

Evaluation of test results and conclusions

7.1 Introduction

An attempt has been made to obtain the effects of a controUed cyclic
loading system on reinforced concrete model beams. The study was
conducted with small scale model beams because of the low
expenditure of resources and the ease of handling.

With the

available data general conclusions are not drawn on the behaviour of
reinforced concrete members under cyclic loadings with the available
data owing to the relatively small number of tests. This thesis states
the specific conclusions based upon the test results carried out in the
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present experimental investigation.
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Analytical and observed test

results are compared and reviewed through the investigation.

7 .2 Results from the destructive testings

The important observations on the performance of the test specimens
demonstrated a falling arm (softening) did exist for the momentcurvature diagram. Examination of theoretical analysis on the test
beams were undertaken to compare with the test results.

Different

aspects on the shape of the moment-curvature relationships are
discussed in Chapter 6.

Photoelasticity techniques were useful for studying the deformation
pattern of the critical regions in detecting the shear distortion.

The main variables considered between the specimens were the
percentage of top and bottom longitudinal reinforcing steel, p 1 , and
the varying amounts of stirrups around main bars.

Distress of the concrete for all specimens were not evident prior to
500 - 600 cycles of repeated loading. Micro-cracks in the tension face
of the member occurred at this stage. Blistering of the concrete for all
specimens commenced to take place at about 1400 cycles of
repeated loading. particles of concrete that flaked off during cracking
occurred before reaching maximum moment resistance. At this point,
it appeared to be evident that the critical cross-sections had reached
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the softening stage, which means there were micro-cracks that could
open and close.

Figure 7. 1 demonstrates all beams after the termination of the

destructive testing (see Section 4. 6) and after removal of the loose
concrete.

The agreement found between the experimental and

previous assumed theoretical results for the hinge lengths was good
for all the beams.

For each test specimens the applied moment, M, at the middle of
each hinge region (Figure 7. 2) was taken from the experimental value
of the load at mid-span, P, and was then calculated according to the
following relation:

M= 3L-4d +P~
8

(7.1)

Each moment was then plotted against its corresponding curvature. A
sample plot is shown in Figure 7.3, and Figure 7.4 displays load
versus deflection diagram for specimen SP3 which was obtained from
testing, and other diagrams are presented in Appendix E.
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Figure 7.1 Test specimens after test termination
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P, Mid- span load

Fixed-end
support

Li

·· · -....a...soo
.. .... -···
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Figure 7.2 Test specimen under axial load
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Figure 7.3 Moment-curvature diagram for Beam SP3
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LOAD

I

NOT TO SCALE

LEGEND
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LOAD
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(mm)
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30
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1.717

28

©

1.824

26

DEFLECTION

Figure 7.4 Mid-span load versus displacement diagram SP3
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7.3 Conclusion

On the basis of the experimental results and analyses carried out, the
behaviour of the test specimens under cyclic 'loading can be stated
from the present study:

a) Hysteresis loops of load-deformation relationships and momentcurvature diagrams were obtained from test results of seven beams
subjected to repeated load applied for up to 2000 cycles at a rate of 5
cycles per minute.

The following conclusions was considered

applicable:

• The experimental results for all beams in general are in good
agreement with the theory.

• Bond failure was observed in the sections of higher tensile
stress.

• The results did not appear to be dependent strongly upon the
frequency of the specimens.

• The failure occurred gradually in all test beams, as all testpieces were provided by sufficient confinement reinforcement
and reinforcement cover.
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• The increasing of moment capacity up to the maximum value
was not affected, until the crushing of concrete was observed in
the critical section of reinforced beams.

b)

The softening behaviour of reinforced concrete sections are

affected

by

amounts

tension

and

compression

(longitudinal)

reinforcement, and volume of transverse reinforcement.

c) The softening takes place on the higher values of moment capacity
region which forces the structure to undergo larger deformations, and
the consideration of softening in a structure becomes an essential
part in the analysis.

d) Variations in steel ratio have a significant effect on the strength
and ductility of the member.

A confined member should be treated as a member with two different
characteristics zone: a confined core and an unconfined concrete,
generally known as concrete cover.

f)

The amount of hinge length in the test specimens were not

dependent upon the steel ratio and concrete strength.

However,

further research is needed into the determination of hinge length
under cyclic deformations.
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Table A.1 Frequency functions

F; (A,)

Fi (J.. ) = -A. sinh A. - sin A.

cosh A. cos A. - 1

F; (A.) = _A. cosh A. sinh A. - sinh A. cos A.
cosh A. cos A. - 1

Ji; (A.)= -A.2 cosh A. - cos A.
cosh A. cos A. - 1
F:.4 ( /....) = /.. .2

sinh /....sin/....
cosh /....cos /.. . - 1

R5 (A.) = ')J sinh /.. . + sin/....
cosh /....cos A. - 1
F. (/....) = -IJ cosh A.sin/....+ sinh A.cos/....
6

cosh /....cos /.. . - 1

Fi(/....)=/....
7

2sinh/....sin/....
cosh /....sin /.. . - sinh /....cos /.. .

F.8 ( /....) _ /....2

sinh /.. . + sin /.. .
cosh /....sin/....- sinh /....cos/....

-

R10 (/....) _ -IJ
-

R ( /....) _

cosh /....+cos/....
cosh /....sin/.... - sinh /....cos /.. .

')J

2 cosh /....cos /.. .
cosh A.sin/.... - sinh /....cos/....

R12 (A.) = ')J

cosh /.. . cos /.. . + 1
cosh /....sin /.. . - sinh /....cos /.. .

11

-

Fi3 (A.)_ -IJ sinh A. - sin A.
-

2sinh A.sin A.

R (A.) _ -IJ cosh /....sin A. - sinh /....cos/....
14
2 sinh A. sin A.
R (A.) =-A. cosh A. sin A. - sinh A. cos/....
15
cosh A. cos A. + 1
R (A.) _ A.2
16

-

sinh A. sin A.
cosh A. cos A. + 1

R (A.) = _ ')J cosh /....sin A. + sinh A. cos /.. .
17
2coshA.cosA.+l

(after Kohoutek, 1985)
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Table A.2 Amplitudes of end forces for clamped clamped beam
(after Kohoutek, 1985)

i;l

vl

i;r

vr

~r

~I F2(A)

-7! F4(A)

17F1 (A)

-7! F](A)

vfr

-7! F4(A)

(A)

7! F3(A)

EI F (A)
l 3 5

Mr£

~IFI (A)

72I F3 (A)

~I F2(A)

7; F4(A)

EI F,
g3

6

EI F,
g3

6

('A)
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Table A.3 Integration constants for deflection clamped-clamped beam
(after Kohoutek, 1985)

ql

Ve

qr

vr

c1

--F2(A.)
21..,2

f
f
2A2 ~(A.)+ 2

--fi(A.)
21..,2

f
2/.} FJ(A.)

c2

f
f
-2A.3Ji4(A)+2A.

f
2/J F(s(A.)

f
2/J F3 (A.)

f
2/J F's("-)

c3

l
~ + 2A,2 f2(A.)

.f.
Ve- 21.2
F4 (J.)-2.f.

~ + 2A,2 l)(A.)

f

f

l

f

~--FJ(A.)
2'A2
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Table B.4 Parameters

a and y as function of

Ecm

and Z

(after Kent and Park, 1971)
0
ecm

10

30

50

70
Values of

0
0.002
0.003
0.004
0.005
0.006
0.007
0.008
0.009
0.010
0.011
0.012
0.013
0.014
0.015

0
0.667
0.776
0.828
0.858
0.876
0.887
0.894
0.899
0.901
0.903
0.903
0.902
0.901
0.899

0
0.667
0.773
0.818
0.840
0.849
0.851
0.849
0.844
0.837
0.829
0.819
0.809
0.798
0.787

0
0.667
0.769
0.808
0.822
0.822
0.815
0.804
0.790
0.773
0.755
0.736
0.716
0.695
0.674

0
0.002
0.003
0.004
0.005
0.006
0.007
0.008
0.009
0.010
0.011
0.012
0.013
0.014
0.015

10
0.375
0.405
0.427
0.441
0.451
0.459
0.466
0.471
0.475
0.479
0.482
0.485
0.488
0.490

30
0.375
0.407
0.430
0.446
0.459
0.469
0.477
0.484
0.491
0.497
0.503
0.508
0.514
0.519

50
0.375
0.408
0.433
0.452
0.466
0.479
0.490
0.500
0.509
0.519
0.528
0.538
0.547
0 .557

400

140

200

0
0.667
0.761
0.783
0.777
0.756
0.726
0.692
0.654
0.613
0.576
0.544
0.518
0.495
0.476

0
0.667
0.754
0.763
0.741
0.702
0.655
0.602
0.558
0.522
0.493
0.468
0.448
0.430
0.415

0

0

0

0.667
0.744
0.733
0.687
0.622
0.562
0.517
0.481
0.453
0.430
0.411
0.395
0.381
0.369

0.667
0.728
0.683
0.600
0.533
0.486
0.450
0.422
0.400
0.382
0.367
0.354
0.343
0.333

0.667
0.711
0.633
0.547
0.489
0.448
0.417
0.393
0.373
0.358
0.344
0.333
0.324
0.316

100
0.375
0.411
0.441
0.466
0.488
0.508
0.529
0.550
0.573
0.594
0.610
0.622
0.631
0.638

140
0.375
0.414
0.449
0.479
0.508
0.538
0.570
0.595
0.613
0.626
0.635
0.642
0.646
0.650

200
0.375
0.418
0.460
0.501
0.545
0.582
0.607
0.623
0.634
0.641
0.645
0.648
0.649
0.649

300
0.375
0.425
0.482
0.543
0.586
0.611
0.627
0.636
0.641
0.644
0.645
0.645
0.644
0.642

400
0.375
0.432
0.507
0.568
0.602
0.622
0.633
0.638
0.641
0.642
0.641
0.640
0.638
0.635

a

0
0.667
0.766
0.798
0.804
0.796
0.780
0.759
0.735
0.709
0.682
0.653
0.623
0.593
0.567

Values of

300

100

r

70
0.375
0.409
0.436
0.457
0.474
0.490
0.504
0.518
0.531
0.546
0.560
0.576
0.592
0.606

Appendix C

Appendices

Euni t

177

Lin

2

I

0i

II

I9. 5l

Legend
Test type: Destructive
Specimen mark: SPO
Shope: Sinusoidal
Frequency: 0.2 hz
No. or cycles: 1295
Displacement: 5.5 mm

L 0 WC R

ID i

5
v

- I9. 5l
IOOm
Ch·2/
0f f
I : 9 7 . 6553ml

Tl MC

o

- ~
'ccond3
V/[u ri i t •

20
8m

cha nn el

2/

y : -L 1 )2 Cun i t

Destructive test result for specimen SPO

Appendices

dB Volts
74

178

PK

OdB=64u

/

500rr/Di v RD40 25. Orrm 0. 2Hz

,----,--~~~..---'-~~_!__~~~~~~~~~~~~~~~---,

Legend
Test type: Destruclive
Specimen mark: SPO
Shope: Sinusoidal
Frequency: 0.2 hz
Displacement: 30.0 mm
No. of cycles: 1905

Tr ock

UPPER
10
/Di v

-26
-- Hertz

.300m
Ch=2/ ASPECa

4

channel 2/

Off
f : 300rrl-!z

dB Volts
.30

y:14.7d8

PK

Od8=8m

r ITT : 21 nV

I

200rr/Di v

User

LOWER
5
/Di v

-40
500m
Ch=.3/ ASPECa

-- Hertz

.3
channel .3/

Off

Destructive test result for specimen SPO

Appendices

dB Volts

0

179

PK

OdB=l

/

10/Div

stroi n gouge

,-~--,--~~.--'---.--'~-,-~--.-~__:___:_~~~~~~~~~~

Legend
User

Test type: Destructive

Frequency: 0.2 hz

Specimen mark: SP1
Shape: Sinusoidal

Displacement: 2.5 mm
No. of c cles: 930

UPPER
10
/Di v

-150
100m

-- Hertz

Ch=1/ ASPECa
Off
f: OHz

100
I ood eel I/

y: -65. 17d8

dB Volts

PK

OdB=27.

93m /

rm;:972.6uV

20/rn v

shi nkoh

-5
User

LOWER
10

/Di v

-100

Ch=1/ ASPECo
Off
f: OHz

300

-- Hertz

0

I ood eel I/

y: -34. 09d8

rm;: 1.05rrV

Destructive test result for specimen SP1

Appendices

dB Volts

0

180

PK

Od8=1

/

50/Div

stroi n gouge

.--~~-,--~~-+~~....'.......,~~~~~-"---'.:-~~~~~~~~~

Legend
Test type: Destructive

User

Specimen ma rk: SP1
Shope: Sinusoidal
Frequency: 0.2 hz
Displacement: 18.0 mm

UPPER

No. of cycles: 1800
10

/Di v

-150
0

-- Hert z

Ch=3/ ASPECo
Off
f: OHz

400
st r oi n_ch /

y:-63.13d8

PK

Od8=27. 93m /

r rrs: 698. 4uV

shi nkoh

50/Di v

Track

LOWER
10

/Di v

-89
600

-- Hert z

0

Ch=1/ ASPECo

I ood eel I /

Off
f: OHz

y: -35. 04d8

rrrs : 1.08 rrV

Destructive test result for specimen SP1

Appendices

dB Vol ts

181

PK

I

Od8=1

-25

10/Di v

strain gauge

Track
UPPER

Legend

10
/Di v

Test lype: Destructive
Specimen mark: SP2
Shape: Sinusoidal
Frequency: 0.2 hz
Displacement: 10.0 mm
No. of cycles: 1640

-175
0
Ch=1/ ASPECa

Off
f: OHz

-- Hertz

90
I oad eel I /

y:-64.98d8

rrrn : 1.9 1rrV

shi nkoh
Track
LOWER

10
/Di

v

-134

Off
f : OHz

300

-- Hertz --

0

strain/

Ch=4/ ASPECa

y: -29 . 85d8

r rrs: 863. 9uV

Destructive test result for specimen SP2

Appendices

dB Volts

-25

182

PK

OdB=1

/

20/Di v

st r ai n gouge

.-~-,-~~--.-----'-~~:..!.-..:...~~__::----------~2-:__~~~~~~~~~

Track
UPPER

10
/Di v

-175

-- Hertz

0
Ch=1/ ASPECo

200
I ood eel I/

Off
f: OHz

y: -64 . 98d8

dB Volts

PK

Od8=27 . 93m /

rm; : 1. 82rrV

shi nkoh

50/Di v

6

Legend
Test type: Destructive
Specimen mark: SP2
Shope: Sinusoidal
Frequency: 0.2 hz
Displacement: 30.0 mm
No. of cycles: 1910

Track
LOWER

10
/Di v

-134

-- Hertz --

0
Of f
f: OHz

500
strain/

Ch=4/ ASPECo

y:-30. 01d8

rm; : 843. 7uV

Destructive test result for specimen SP2

Appendices

dB Vol ts

183

PK Od8=1

I

0

20/Di v

strain gauge

Legend
Test type: Destructive
Specimen mark: SP3
Shope: Sinusoidal
Frequency: 0.2 hz
Displocemenl: 2.5 mm
No. of c cles: 935

User

UPPER
20
/Di v

-200

-- Hertz

40m

Ch=3/ ASPECa
Off
f: OHz

200

st r ai n_ ch/

y: -66. 56dB

dB Vol ts

PK Od8=27 . 93m /

rm; : 440. 6uV

20/Di

shi

v

nkoh

6
Track

LOWER
10
/Div

-134

-- Hertz

0
Off
f: OHz

200

I oad eel I /

Ch=1/ ASPECa
y: -38. 79dB

rm;: 324. 6uV

Destructive test result for specimen SP3

Appendices

dB

l

Vo I l s

184

PK

0dB=27 . 93m

50

ID

shi nk oh

i '

Legend
Test type: Destructive
Specimen mark: SP3
Shope: Sinusoidal
Frequency: 0.2 hz
Displacement: 33.0 mm
No. of c cles: 1925

r a er

LOW[R
I0

I Di

'

- I 3A
0

Ch•I/
0( ,
f : 0 Hz

He r I

A S P(Co

l

- -

I 0 (Id

ct I I

I

5 00

y : - 39 . 6 1d B

Destructive test result for specimen SP3

Appendices

dB

Vo I

t

185

so Io i

s

v

st r oi n

gouge

Legend
Test type: Destructive
Specimen mark: SP4
Shope: Sinusoidal

Us e r

UPPER

Frequency: 0.2 hz
Oisplocement: 6.0 mm
No. of cycles: 1370

10

Io; ,

- 15 0
0

Ch•J/

Me r

ASPECo

t z

- s 1 , o i n _ch

I

500

0f 1
f : 0 Hz

y : -6' , 24d0

r ms : 6 1 1 . 1 u V

Destructive test result for specimen SP4

Appendices

d8

Vo I I s

186

PK

0d8

=2

7. 9 Jm

I 0

ID i

s h i n le oh

v

Legend

Tr ae k

Specimen mark: SP4
Test \ype: Destructive
Frequency: 0.2 hz
Shope: Sinusoidal
Displacement: 20 mm
No. of cycles: 1825

LOW[R

Io;

10
v

- \ J.
0

Ch•!/

Her I z

I 00

- I o od

ASPECo

c eI I /

0I I
f : 0 H2

y : - J 7. I 9 d 8

, ms : 9 4 9 . I

11

V

Destructive test result for specimen SP4

187

Appendices

d 9

Vo I

t

!

PK

0d 8

=1

20 I D; '

sl' oi

11

gouqe

Legend

U' e r

Test type: Destructive
Specimen mark: SP5
Shape: Sinusoidal
Frequency: 0.2 hz
Displacement: 2.5 mm
No. of cycles: 930

up p [ ll

20

I Di '

- 2 D0

40m
Ch•J/

He r

t z

20 0

- -

s I r o i n _c h/

ASPCCo

0f f
f : 0 Hz

y : - 6 2. 1 7 d B

' ms : 7 1 0

.

-4 u V

Destructive test result for specimen SPS

Appendices

d'8Volls

188

PK

Od8=27 . 93m

50/0i

s h i n k oh

v

Legend

Tr ock

Test type: Destructive
Specimen mark: SP5
Shape: Sinusoidal
Frequency: 0.2 hz
Displocemen\: 9.0 mm
No. of c cles: 1600

l 0 Wl R

ID

10
i v

- 1 l.
0

ch • 1 I
0I I
f : 0 HI

As p [ c '

I 0 0 d

1 : - i 1 . 1 id

e

c

~I I

r ms :

I

• 00

1 , 9 2 mV

Destructive test result for specimen SPS

Appendices

d0

Vo I I s

189

PK

Od8=27 . 93m

so Jo; ,

s hi n k oh

Legend
Test type: Destructive
Specimen mark: SP6
Shope: Sinusoidal
Frequency: 0.2 hz
Displacement: 5.5 mm
No. of cycles: 1300

Tr o c k

l 0 WC R

Io i

10
,

- 13 4

0

Ch=l/

0' '

f : 0 Hl

Me r l 1

ASPECo

400

- -

l

y: -38. 09dB

ood

ce1 1

' ms :

I

I .

0 6 mV

Destructive test result for specimen SP6

Appendices

dB Vol ts

190

PK

I

Od8=1

0

20/Di v

st r oi n gauge
Legend
Test type: Oes\ruclive
Specimen mark: SP6
Shope: Sinusoidal
rrequency: 0.2 hz
Displacement: 16.0 mm
No. of cycles: 1740

User

UPPER

20
/Di v

-200
40m
Ch=3/ ASPECo

-- Hertz

200

st r oi n_ch/

Off
f : OHz

y:-65.5d8

dB Volts
6

PK

Od8=27 . 9Jm /

rm; : 490. 5uV

50/Di v

shi nkoh

Track

LOWER
10

/Di v

-134
-- Hertz

0

400
I ood eel I/

Ch=1/ ASPECo

Off
f: OHz

y: -37. 22dB

rm;: 968uV

Destructive test result for specimen SP6

Appendix D

192

Appendices

Selected photo taken from critical section of beam SP3
using photoelasticity measurements
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Selected photo taken from critical section of beam SPS
using photoelasticity measurements
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Selected photo taken from critical section of beam SP6
using photoelasticity measurements
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